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 and the  resonance from lattice QCDγK → πK K*

current induced transitions to hadron-hadron resonances 2

for example

pion photoproduction,   in which the  resonance appearsγN → πN Δ

meson resonance production in semileptonic heavy-flavor decays, e.g. B → ℓℓ K* → ℓℓ Kπ

or things not easily measurable but of theoretical interest, γ{ω, ϕ} → {ππ, KK̄}
 flavor content & spatial size ?f0(980)

can compute with lattice QCD — finite-volume matrix elements from three-point functions

“large” finite-volume corrections 
controlled by the hadron-hadron  
scattering amplitude

complication of presence of  
multiple  owing to cubic  
boundary 

JP
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current induced transitions to hadron-hadron resonances 3

can compute with lattice QCD — finite-volume matrix elements from three-point functions

“large” finite-volume corrections 
controlled by the hadron-hadron  
scattering amplitude

to date, only concrete application to γπ → ππ
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but  is “special”, no  with isospin=1, so  is always lowest partial waveππ JP = 0+ JP = 1−

complication of presence of  
multiple  owing to cubic  
boundary 

JP
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current induced transitions to hadron-hadron resonances 4

can compute with lattice QCD — finite-volume matrix elements from three-point functions

“large” finite-volume corrections 
controlled by the hadron-hadron  
scattering amplitude

next simplest case γK → πK

complication of presence of  
multiple  owing to cubic  
boundary 

JP

 with isospin=½ :  (“ ”),  ( ), …πK 0+ κ 1− K*

no amplitude  but still an effect from  in finite-volume …γK → (πK )0+ 0+
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resonance transition form-factors 5

the process of interest is
current + stable hadron → resonance → hadron−hadron pair 

γ*

K

π

K

π

K

π

K

e.g.  in a P-waveγK → πK

after the current produces  …Kπ

% ℳ

…  strongly rescattersKπ

ℋ(Q2, E⋆
Kπ) ≡ ⟨K | j |Kπ; E⋆

Kπ⟩ suppressing kinematic variables, 
helicity and lorentz indices

= %(Q2, E⋆
Kπ) ⋅ 1

k⋆
Kπ

⋅ ℳℓ=1(E⋆
Kπ)

unitarity insists that production amplitude,  
, is real in the region of interest%

(free of singularities, polynomial in )(E⋆
Kπ)2

removing an  
‘excess’ P-wave 
threshold factor

Omnès function also an option here

 means cm-frame⋆

actually don’t really need there to be a resonance
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resonance transition form-factors 6

the process of interest is
current + stable hadron → resonance → hadron−hadron pair 

γ*

K

π

K

e.g.  in a P-waveγK → πK

after the current produces  …Kπ

%

strong scattering amplitude, , can have resonance polesℳ ℳℓ=1(s) ∼ c2
R

s0 − s

ℋ(Q2, s) ∼ cR f (Q2)
s0 − s

γ*

K

π

K

res.f cR
hence

s0 = mR − i 1
2 ΓR

π

K

π

K
ℳ

…  strongly rescattersKπ

ℋ(Q2, E⋆
Kπ) ≡ ⟨K | j |Kπ; E⋆

Kπ⟩

= %(Q2, E⋆
Kπ) ⋅ 1

k⋆
Kπ

⋅ ℳℓ=1(E⋆
Kπ)

residue at the  
complex pole
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lattice QCD means a finite-volume 7

continuum of scattering states det [F−1(E⋆; L) + ℳ(E⋆)] = 0

spectra obtained from two-point correlation functions

C(t) vn = λn(t, t0) C(t0) vn

Cij(t) = ⟨0 |.i(t) .†
j (0) |0⟩

Ωn ∼ ∑i
(vn)i .i

infinite volume

ℳ(E⋆)

finite volume
discrete spectrum of states

En(L)

En(L) are solutions of

kinematic 
finite-volume 
functions

evaluate with a large basis of operators to form a matrix

and diagonalize

eigenvalues given energies
λn(t, t0) ∼ e−En(t−t0)

eigenvectors give optimal operators

produce just one state  
in the ‘tower’
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current matrix-elements in a finite-volume — cartoon 8

|thr.ππ

π

ππ
γ

infinite volume finite volume

|thr.ππ

π

γ

can only transition  
to one of the discrete 
f.v. eigenstates

can transition  
to any energy 
in the  continuumππ

E⋆

L⟨π | j |ππ; E⋆
n ⟩L

finite-volume matrix element

|π⟩L ∼ |π⟩∞ + .(e−mπL)
single hadron state

hadron-hadron state

|ππ; E⋆
n ⟩L ∼ R̃n |ππ; E⋆

ππ = E⋆
n ⟩∞

effective f.v. 
normalization

R̃n(L) ≡ 2En ⋅ lim
E→En

(E − En)(F−1(E⋆; L) + ℳ(E⋆))
−1

effective f.v. normalization 
depends on the scattering 
amplitude

c.f. “Lellouch-Lüscher” factor
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what’s different in  ?γK → πK 9

cubic nature of lattice puts spectra in irreducible representations of a reduced group of rotations

in  case, this has limited impact because even and odd  are in different isospinsππ ℓ
consequence of Bose symmetry

in  case, there is no Bose symmetryπK

spectrum in some irreps sensitive to scattering in both ℓ = 0, ℓ = 1
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finite-volume spectrum → S,P-wave amplitudes 10
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 found to be negligible in this energy regionℓ = 2

various 
amplitude  
parameterizations

det [F−1(E⋆; L) + ℳ(E⋆)] = 0
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what’s different in  ?γK → πK 11

relation between finite-volume matrix element, and infinite-volume matrix element, ℋ

L⟨K | j |Kπ⟩L ∝ (ℋ ⋅ R̃n ⋅ ℋ)
1/2

R̃n(L) ≡ 2En ⋅ lim
E→En

(E − En)(F−1(E⋆; L) + ℳ(E⋆))
−1

where the residue of the finite-volume hadron-hadron propagator appears

matrix in ℓ = 0,1 diagonal 
matrix in ℓ = 0,1

det [F−1(E⋆; L) + ℳ(E⋆)] = 0

En(L) are solutions of
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what’s different in  ?γK → πK 12

relation between finite-volume matrix element, and infinite-volume matrix element, ℋ

F + ℳ−1 = ∑
i

μi wiw⊺
i

R̃n = (− 2E⋆
n

μ⋆′ 
0 ) ℳ−1w0 w⊺

0ℳ
−1

wi = (wℓ=0
i

wℓ=1
i )

slope of  
zero crossing  
eigenvalue

L⟨K | j |Kπ⟩L ∝ (ℋ ⋅ R̃n ⋅ ℋ)
1/2

R̃n(L) ≡ 2En ⋅ lim
E→En

(E − En)(F−1(E⋆; L) + ℳ(E⋆))
−1

where the residue of the finite-volume hadron-hadron propagator appears

using an eigen-decomposition

the residue factorizes
zero crossing  
eigenvector

matrix in ℓ = 0,1 diagonal 
matrix in ℓ = 0,1
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what’s different in  ?γK → πK 13

relation between finite-volume matrix element, and infinite-volume matrix element, ℋ

F + ℳ−1 = ∑
i

μi wiw⊺
i

R̃n = (− 2E⋆
n

μ⋆′ 
0 ) ℳ−1w0 w⊺

0ℳ
−1

r̃n(L) = − 2E⋆
n

μ⋆′ 
0

wℓ=1
0

1
k⋆

Kπ

F(Q2, E⋆
Kπ =E⋆

n ) = 1
r̃n(L) FL(Q2, E⋆

n )

wi = (wℓ=0
i

wℓ=1
i )

slope of  
zero crossing  
eigenvalue

L⟨K | j |Kπ⟩L ∝ (ℋ ⋅ R̃n ⋅ ℋ)
1/2

R̃n(L) ≡ 2En ⋅ lim
E→En

(E − En)(F−1(E⋆; L) + ℳ(E⋆))
−1

where the residue of the finite-volume hadron-hadron propagator appears

using an eigen-decomposition

the residue factorizes
zero crossing  
eigenvector

and the net finite-volume correction is 

where

matrix in ℓ = 0,1 diagonal 
matrix in ℓ = 0,1

% = K ⋅ F

ℋ = % ⋅ 1
k⋆

Kπ
⋅ ℳℓ=1

kinematic 
factor

form-factor

remember,  
no   
amplitude

γK → (Kπ)ℓ=0
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evaluating  ?γK → πK 14

extract finite-volume form-factor, , from lattice QCD computed three-point functionsFL(Q2, E⋆
n )

compute the finite-volume corrections, , using lattice QCD obtained scattering amplitudes r̃n(L)

r̃n(L) = − 2E⋆
n

μ⋆′ 
0

wℓ=1
0

1
k⋆

Kπ

F(Q2, E⋆
Kπ =E⋆

n ) = 1
r̃n(L) FL(Q2, E⋆

n )
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three-point functions 15

Archana 
Radhakrishnan

Some guy 
on Zoom

⟨0 |ΩK(pK, Δt) j(q, t) Ω†
Kπ(pKπ,0) |0⟩ = e−EK(Δt−t) e−Ent ⋅ K ⋅ FL(Q2, E⋆

n ) + … ,
a range of kaon and current three-momenta 
for each kaon-pion discrete energy level

just a single Δt = 32 at
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three-point functions — our kinematical coverage 16
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finite-volume form-factor 17
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finite-volume correction factors 18

0.14

0.15

0.16

0.17

0.18

0.99 -0.13

1.59

0.78 0.63

4.23

0.60 -0.80

3.41

0.93 -0.33

2.81

0.80 0.60

4.57

0.96 -0.27

1.52

0.36 -0.94

1.02

0.82 -0.57

4.01

0.88 0.47

3.83

0.99 -0.13

0.89

0.41 0.91

0.56

1.00 -0.02

0.65

0.88 0.48

2.82

12.1

6.71

4.27

8.43

7.62

5.63

0.96

7.05

8.13

6.87

0.61

32.3

0.61 -0.79

4.856.13

5.84

5.67 5.68

5.49

1.38

5.68

5.62

0.56

5.67

F(Q2, E⋆
Kπ =E⋆

n ) = 1
r̃n(L) FL(Q2, E⋆

n )

r̃n(L) = − 2E⋆
n

μ⋆′ 
0

wℓ=1
0

1
k⋆

Kπ

1
k⋆

Kπ

r̃n(L) → 16π ̂cR
in limit of a  
zero width state
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finite-volume form-factor 19
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infinite-volume form-factor 20
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global fitting of all the infinite-volume form-factor data 22
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global fitting of all the infinite-volume form-factor data 23
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parameterization variation 24
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the transition amplitude 25
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real photon cross-section 26

ℋ(γK+ → K+π0) = 1
3

ℋ(γK+ → (Kπ)1/2,+1/2) .

0
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σ(γK+→K+π0) = 1
3 α

k⋆
Kγ

k⋆
Kπ

1
m2

K
F ℳ

2
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resonance transition form-factor 27
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experimental determination 28

Γ(K*± → K±γ) = 50(5) keV

Γ(K*0 → K0γ) = 116(10) keV

K
π
K

nucleus nucleus

handful of Primakoff  
experiments in the 70s, 80s

Γ(K*+ → K+γ) = 4
3 α

k⋆3
Kγ

m2
K

| f |2 loss of rigor here 
this is not the pole residue

(very forward production of  
using  beams on nuclear targets)

πK
K±, K0

L

pdg average of a couple of experiments

very simplistic analysis scheme

| fpdg | = 0.206(10)
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summary 29

stress-tested the 1+J→2 finite-volume formalism in a case with an ‘unwanted’ lower partial wave

consistent production amplitude at 128 kinematic points, shows expected mild energy dependence

 transition form-factor extracted from scattering resonance pole, 
reasonable ball-park agreement with experiment (considering computation at ‘wrong’ light quark mass)

K*


