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Stages of Rela,vis,c Heavy-Ion collisions  

Withheld due to lack of understanding of Ini4al-State!!
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Connection to nuclear geometry
Nuclear geometry is parametrized by Woods-Saxon distribu;on
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Ø Nuclear geometric deforma;on impacts 
shape and size of overlap area in ini;al 
state. 

Ø Deforma;on effects propagate via viscous 
hydrodynamics to affect the Final state 
observables.
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Quadrupole Deforma.ons

https://t2.lanl.gov/nis/molleretal/publications/ADNDT-FRDM2012.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.105.044905


Nuclear Shape Fluctua.ons

Witek, Week 1

Ø Shallow minimums in poten0al energy surface 
allow nuclei to change shape for small energy 
fluctua0ons.
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Witek, Week 1

Ø Shallow minimums in poten0al energy surface 
allow nuclei to change shape for small energy 
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Ø How does fluctua0ons in 𝛽/𝛾
arising from shape fluctua0on 
manifest in heavy ion collisions?

Nuclear Shape Fluctua.ons
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Ø Shallow minimums in poten0al energy surface 
allow nuclei to change shape for small energy 
fluctua0ons.

7

Witek, Week 1
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Liquid Drop Model Estimates: 
• Assump;ons:

1. Liquid Drop Model implying each nucleus has a sharp boundary.
2. The density of nuclear maKer is uniform inside the nucleus.
3. The impact parameter for the colliding system is 0.

𝑂𝑏𝑠 = %%𝑃 𝛽!, 𝛾! 𝑃 𝛽" , 𝛾" %%𝑂𝑏𝑠 𝛽#!, 𝛾!, Ω!, 𝛽#" , 𝛾" , Ω"
𝑑Ω!
8𝜋#

𝑑Ω"
8𝜋#   𝑑𝛽!𝑑𝛽"𝑑𝛾!𝑑𝛾"

!"!
"!

≈ 𝛿" + 𝑝# Ω$, 𝛾$ 𝛽$ + 𝑝# Ω%, 𝛾% 𝛽%,           𝝐& ≈ 𝝐# + 𝐩& Ω$, 𝛾$ 𝛽$ + 𝐩& Ω%, 𝛾% 𝛽%

Performing a first order analysis gives:

𝑑' = 𝑁$()%/ 𝑟'& , 
! $T
$T

∝ !"!
"!

Averaging over mul;ple events gives:
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𝜖𝟐 = − )!"+#"$

)!"
,	𝑣& ∝ 𝜀&



Table 1: The leading-order results of various cumulants of 𝝐𝟐 and %&!
&!

calculated under the Liquid 

Drop model
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Ann.Rev.Nucl.Part.Sci.57:205-
243,2007Glauber Model: 

• Nucleons inside the nuclei are distributed according to the deformed Wood-
Saxon distribu;on.

• Random impact parameter `b’ is sampled along the x-axis from the 
distribu;on !"

!#
∝ 𝑏 between the range [𝑏$%&, 𝑏$'( ].

• The nucleus-nucleus collision is assumed to be a collec;on of mul;ple 
independent binary nucleon-nucleon collisions. 

• A nucleon-nucleon collision is assumed to have occurred if:

𝜎"#$%&& : inelas.c nucleon-nucleon cross-sec.on
𝑑' : Distance in x-y plane between the nucleon

Par;cipa;ng nucleons are iden;fied and event quan;;es are computed.
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Results:
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• Effect of 𝛾 fluctuations:
o cov ≡ 𝜀&&

'(!
("

and 𝐶({3} ≡
'("
("

)

• Effects of β fluctuations:
o 𝜀&& and 𝐶({2} ≡

'("
("

&

o 𝑐&,*{4} ≡ 𝜀&+ − 2 𝜀&&
&



Part I – Impact of 𝛾 fluctua,ons:
• Nuclear shape has a three-fold symmetry under the triaxial parameter γ. Hence any observable 𝑂 can be 

parameterized as:
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• Imposing the condi;on that a triaxial nucleus (�̅� ̄ = π/6) is unaffected by the variance of the parent 
distribu;on (𝜎)) 

• Restric;ng ourselves to leading and sub-leading terms

𝑂 - 𝑂 !"#
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Impact on 𝜺𝟐𝟐
𝜹𝒅𝟏
𝒅%

and 𝜹𝒅%
𝒅%

𝟑

• Observables can largely be described by their leading order fits.
• The signature of triaxiality is greatly reduced for 𝛾 - so_ nuclei. A twenty-degree fluctua;on in triaxiality roughly 

reduces the signal by 50%.
• Nuclei that fluctuate uniformly between prolate and oblate shapes become indis;nguishable from a rigid triaxial 

nuclei.

18

0 0.2 0.4 0.6 0.8 1
γσ

0.2−

0.15−

0.1−

0.05−

0
0.05

0.1
0.15

0.2

3−10× 
=0β

 C
ov

  -
  C

ov

1.00 
0.50 
-0.50 
-1.00 

 
 
 
 

 
 
 
 

-510× = -0.850a
-510×) = (-19.98,-0.03)2,a

1
(a
U+U Glauber Model

-510×) = (0.28,0.08)2,b
1

(b
 = 0.28βb = 0 fm, 

)  Data  FitγCos(3

0 0.2 0.4 0.6 0.8 1
γσ

2−

0

2

4

6

8

6−10× 
=0β

{3
}

d
 - 

C
{3

}
dC

0.87 
0.00 
-0.87 

 
 
 

 
 
 

-610× = 3.190a
-610×) = (5.18,-0.18)2,a

1
(a
U+U Glauber Model

-610×) = (0.27,0.04)2,b
1

(b
 = 0.28βb = 0 fm, 

)  Data  FitγCos(3



Impact on 𝜺𝟐𝟐 , 𝜹𝒅.
𝒅.

𝟐
and 𝜀34 − 2 𝜀33
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• The ficng func;on describes each observable quite decently.
• 𝜺𝟐𝟐 and 𝜀+, − 2 𝜀++

+
are majorly described by leading order terms. A visible asymmetry about the triaxial 

nuclei is observed which is accounted for by the sub-leading term.

• 𝜹𝒅!
𝒅!

𝟐
requires inclusion of all the terms with comparable magnitudes.
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Part II – Impact of 𝛽 fluctua,ons:
• In the most general case, /!!

!!
, 𝝐𝟐 can have the following form at the event level. 

/!!
!!

= 𝛿! + ∑%012 𝑝3,% Ω5, 𝛾5 𝛽5% + 𝑝3,% Ω6, 𝛾6 𝛽6%,	

𝝐𝟐 = 𝝐𝟎 +=
%01

2

𝒑𝟐,𝒊 Ω5, 𝛾5 𝛽5% + 𝒑𝟐,𝒊 Ω6, 𝛾6 𝛽6%

• Then any cumulant of the form 𝑂+9:; ≡ 𝝐𝟐𝟐𝜶
/!!
!!

;
will assume the form:

• In the analysis, we will try to constrain the impact of 𝛽 fluctua;ons using the minimum possible number 
of higher order correc;ons. 
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Impact on 𝜺𝟐𝟐 and 𝜹𝒅%
𝒅%
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• Approximately linear dependencies on �̅� are observed for both 
observables.

Slopes of the data points also vary with 𝜎=. To describe this feature, 
we include two higher-order terms 
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observables.

Slopes of the data points also vary with 𝜎=. To describe this feature, 
we include two higher-order terms 

• 𝜺𝟐𝟐 has its major contribu;on from the leading order 𝛽+ with a 
small correc;on from 𝛽, .

• 𝜹𝒅!
𝒅!

𝟐
requires contribu;on from all the terms. 
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Impact on 𝑐%,'{4} = 𝜀%( − 2 𝜀%%
%
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Guided by the fits for 𝜺𝟐𝟐 : 

𝑐&,5{4} − 𝑐&,5{4}/0# =
𝑎1 𝛽3 − 𝑏1 𝛽& & + 𝑎& 𝛽6 − 𝑏& 𝛽& 𝛽3
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𝑐&,5{4} − 𝑐&,5{4}/0# =
𝑎1 𝛽3 − 𝑏1 𝛽& & + 𝑎& 𝛽6 − 𝑏& 𝛽& 𝛽3

• A large nega;ve 𝑐+,>{4} value in the central collisions might be 
an indica;on of a large sta;c quadrupole deforma;on.

• We also observe that  𝑏1 ≈ 1.5𝑎1 which is slightly different 
from ra;o (1.4) calculated from the liquid drop model.
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Summary
• Impact of the fluctuaGons of nuclear quadrupole deformaGon on various iniGal state heavy ion 

observables under the framework of a Monte Carlo Glauber model was studied. 
• Triaxiality 𝛾 has a strong impact on three-parGcle correlators, but the impact diminishes for larger 𝜎'. 

When 𝜎' is large, the observables fail to disGnguish between prolate deformaGon and oblate 
deformaGon. 

• Quadrupole fluctuaGons had a significant impact on all the observables.

§ 𝜺𝟐𝟐 and 𝜹𝒅!
𝒅!

𝟐
are propor;onal to 𝛽+ up to leading order. 𝜹𝒅!

𝒅!

𝟐
also has a significant contribu;on 

from 𝛽? .
§ 𝑐+,>{4} is found to be nega;ve for sta;c deforma;on and quickly becomes posi;ve under the influence of a 

small fluctua;on. It requires both leading ( 𝛽, , 𝛽+ +) and sub-leading orders ( 𝛽@ , 𝛽, 𝛽+ ) to achieve 
a good fit.
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Ini1al state observables:
• The second order eccentricity of the overlap region is usually quan;fied by:

𝜖𝟐 ≡ 𝜀"𝑒#"$! = −
𝑟%"𝑒#"&

𝑟%"

b=0

b≈R

b≈2R

average over all par*cipa*ng nuclei

• The inverse transverse size of the overlapping region is given as:

𝑑% = 𝑁part /𝑆%
𝑁part is number of par*cipa*ng nuclei

𝑆" is transverse area computed 𝜋 𝑥# 𝑦#

The following five cumulants of 𝜖𝟐 and 𝑑A act as our ini;al state observables: 𝜀++ (ellip;c 

deforma;on), 𝜀++
/!!
!!

, /!!
!!

+
), 𝜹𝒅!

𝒅!

𝟑
(variance and skewness in inverse transverse 

size respec;vely) and 𝜀+, − 2 𝜀++
+

(fourth order cumulant of ellip;c eccentricity).

• Useful owing to the rela;on:
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Liquid Drop Model Es,mates: 
• Assump;ons:

1. Liquid Drop Model implying each nucleus has a sharp boundary.
2. The density of nuclear maKer is uniform inside the nucleus.
3. The impact parameter for the colliding system is 0.
4. Both target and projec;le nuclei have the same orienta;on i.e. they are aligned. 
5. In a given collision, the deforma;on parameters for both nuclei are exactly equal. 

Performing a first order analysis gives:

!"!
"!

𝛽&, 𝛾, Ω = E
16F𝛽& cos 𝛾 𝐷#,#& Ω + GHI J

& 𝐷#,&& Ω + 𝐷#,K&& Ω PhysRevC.105.044905

𝝐𝟐 𝛽&, 𝛾, Ω = −
15
2𝜋

𝛽& cos 𝛾 𝐷&,#& Ω +
sin 𝛾
2

𝐷&,&& Ω + 𝐷&,K&& Ω

o 𝛽+, 𝛾 are deforma;on parameters 
o Ω is the set of Euler angles defining the intrinsic orienta;on of the nucleus
o 𝐷&,C$ are Wigner-Matrix elements 
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Relaxing condi-ons 3 and 4 leads to:

!"!
"!

+L%
≡ !"!

"!

+L%
𝛽&M, 𝛾M, ΩM, 𝛽&N, 𝛾N, ΩN = 1

&
!"!
"!

𝛽&M, 𝛾M, ΩM + !"!
"!

𝛽&N, 𝛾N, ΩN

𝝐𝟐+L% ≡ 𝝐𝟐+L% 𝛽&M, 𝛾M, ΩM, 𝛽&N, 𝛾N, ΩN = 1
& 𝝐𝟐 𝛽&M, 𝛾M, ΩM + 𝝐𝟐 𝛽&N, 𝛾N, ΩN

o Subscript P and T are for Projec-le and Target nuclei respec-vely.

Finally, we calculate the averaged quan--es over mul-ple events.

< 𝑂𝑏𝑠 > = MM𝑃 𝛽&M 𝑃 𝛽&N MM𝑂𝑏𝑠 𝛽&M, 𝛾M, ΩM, 𝛽&N, 𝛾N, ΩN
𝑑ΩM
8𝜋&

𝑑ΩN
8𝜋&

  𝑑𝛽&M𝑑𝛽&N

o Here 𝑂𝑏𝑠 is a proxy for the observable one is calcula-ng the event averages of. 
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SeEng up the Glauber Model: 
• A symmetric collision system of +?D𝑈 - +?D𝑈 is chosen.
• The radius 𝑅3 is set at 6.81 fm and the skin depth parameter 𝑎3 is set to 0.55 fm.
• The nucleon-nucleon inelas;c cross sec;on 𝜎%&EF"" is chosen to be 42.1 mb.
• Ultra-central collisions (b=0) are simulated by secng 𝑏$%& =𝑏$'( = 0. These collisions are chosen as the 

impact of deforma;on parameters on chosen ini;al state observables is maximum for UCC collisions.
• Deforma;on parameters sampled independently from a Gaussian distribu;on.

𝑥 ≡ 𝛽, 𝛾
𝜇 = �̅�, �̅�
𝜎 ≡ 𝜎' , 𝜎(

ü For the study of 𝛽 fluctua;ons:
• 11 𝛽+ values chosen : 0,0.01,0.02…..0.1.
• 11  𝜎=+ values chosen : 0,0.01,0.02…..0.1.
• Default 𝛾=00

ü For the study of 𝛾 fluctua;ons:
• 7 𝑐𝑜𝑠 3�̅� values chosen : -1,- 0.87, -0.5, 0, 0.5, 0.87, 1 
• 7 𝜎) values chosen : 0, π/18, 2π/18, ... , 6π/18 
• Default 𝛽= 0.28
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Handling generalized probability distribu,on: 
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Impact on 𝜺𝟐𝟐
𝜹𝒅𝟏
𝒅%

and 𝜹𝒅%
𝒅%

𝟑
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• Both observables show a definite curve for non-zero 
𝜎= sugges;ng significant higher order correc;ons. To account 
for this behavior two higher order correc;ons are taken into 
account.

𝜀++
/!!
!!

− 𝜀++
/!!
!! =03

or /!!
!!

?
− /!!

!!

?

=03
= 𝑐1 𝛽? + 𝑐+ 𝛽, + 𝑐? 𝛽G

• Primarily, 𝛽G component contributes to the overall impact 
on 𝛽 fluctua;ons on both these observables. 

• Fit func;on is not sufficient to describe 𝜹𝒅!
𝒅!

𝟑
in large �̅� and 

𝜎=.
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A possible way of constraining �̅� and 𝜎!
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5

10
 (ab. units)2χ

• Experimentally, access to both 𝑣++ ∝ 𝛽+ and
𝑣+, ∝ 𝛽, is available. 

• Can a combina;on of 𝛽, and 𝛽+ isolate the 
value of �̅�?  Yes!! But only approximately.

• Consider the following general linear combina;on

𝑓 �̅�, 𝜎=; 𝑘 = 𝜖+, − 𝑘 𝜖++
+

• At k=2.541, 𝑓 �̅�, 𝜎=; 𝑘 - 𝑓 Z0, 0; 𝑘 ∝ 𝛽,. 
Determines �̅� with a precision of 7% in the Glauber 
model.  
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