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CREX and PREX: Insights from a combined 

theoretical/experimental approach

•Motivation  —> meaningful link between nuclei and neutron stars


•Green’s functions/propagator method


•vehicle for ab initio calculations —> matter & finite nuclei 


—> Illustrate importance of NN tensor force —> asymmetric matter


•as a framework to link data at positive and negative energy (and to 
generate predictions for exotic nuclei as well as neutron skins)


—> Dispersive optical model (DOM <- started by Claude Mahaux)


• Neutron skin in 48Ca and 208Pb —> PREX II, CREX


• Ground-state energy and EOS —> saturation properties


• Conclusion and outlook
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Neutron skins and EOS

Example momentum distribution SCGF asymmetric matter
• Asymmetry dependence


• Incorporates/represents np dominance <—> influence of tensor force 


• So more correlations for minority species


• S-wave pairing at low density well constrained; P-wave pairing less so at high density PNM


• EOS available as a function of T and asymmetry (and several VNN + VNNN)

� =
N � Z

N + Z

A. Rios, A. Polls, and W. H. Dickhoff       
Phys. Rev. C89,  044303 (2014)
Phys. Rev. C79, 064308 (2009)

SCGF:�
self-consistent�
Green’s functions�
for SRC and tensor effects



• Mahaux & Sartor 1991 —> Washington University group since 2006 


• Use experimental data to constrain the nucleon self-energy while 
linking structure and reaction domain using dispersion relations


• Predict neutron distribution —> skin

DOM

Dispersive Optical Model (St. Louis group)

E<0 —>

M. C. Atkinson, M. H. Mahzoon, M. A. Keim, B. A. Bordelon, 
C. D. Pruitt, R. J. Charity, and W. H. Dickhoff
Phys. Rev. C 101, 044303 (2020), 1-15. [arXiv:1911.09020]

Indirectly:

DISPERSIVE OPTICAL MODEL ANALYSIS OF 208Pb … PHYSICAL REVIEW C 101, 044303 (2020)
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FIG. 7. Results for proton and neutron analyzing power gener-
ated from the DOM self-energy for 208Pb compared with experimen-
tal data ranging from 10 to 200 MeV. References to the data are given
in Ref. [43].

that the proton properties deviate more from the IPM than the
neutrons in 208Pb.

For levels close to εF , the spectroscopic factor can be
calculated using Eq. (9). These spectroscopic factors are listed
in Table I while in Table II occupation and depletion numbers
are presented. Indeed, the fact that the spectroscopic factors
for protons are smaller than those of the neutrons is consistent
with the protons being more correlated than the neutrons. The
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FIG. 8. Experimental and fitted 208Pb charge density. The solid
black line is calculated using Eq. (5) and folding with the pro-
ton charge distribution, while the experimental band represents
the 1% error associated with the extracted charge density from
elastic-electron-scattering experiments using the sum of Gaussians
parametrization [2,54]. Also shown is the deduced weak charge dis-
tribution, ρw (long-dashed red line), and neutron matter distribution,
ρn (short-dashed blue line).
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FIG. 9. Experimental and fitted 208Pb(e, e) differential cross sec-
tions. All available data have been transformed to an electron energy
of 502 MeV [1].

present values of the valence spectroscopic factors are consis-
tent with the observations in Ref. [6] and the interpretation
in Ref. [7]. It is important to note that these spectroscopic
factors are indirectly determined by the fit to all the available
data similarly to the case reported in Ref. [17] for 48Ca. The
extraction of spectroscopic factors using the (e, e′ p) reaction
has yielded a value around 0.65 for the valence 2s1/2 orbit
[57] based on the results in Refs. [3,4]. While the use of
nonlocal optical potentials may slightly increase this value as
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FIG. 10. Proton energy levels in 208Pb. The energies on the left
are calculated using only the static part of the DOM self-energy,
corresponding to a Hartree-Fock calculation. The middle energies
are those calculated using the full DOM self-energy. The energies
on the right correspond to the experimental values. The change from
the left energies to the middle energies is the result of including the
dynamic part of the self-energy.
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DOM

48Ca
• Allows prediction of neutron properties

Fitting the Self-energy (48Ca)

Mack C. Atkinson TRIUMF 7 / 18

Parameters of self-energy varied to minimize �2

Reproducing the data means self-energy is found
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DOM

Neutron skins in 48Ca and 208Pb from DOM predictions
• DOM 2017


• DOM 2020
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 Phys. Rev. Lett. 119, 222503 (2017), 1-5.
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FIG. 7. Results for proton and neutron analyzing power gener-
ated from the DOM self-energy for 208Pb compared with experimen-
tal data ranging from 10 to 200 MeV. References to the data are given
in Ref. [43].

that the proton properties deviate more from the IPM than the
neutrons in 208Pb.

For levels close to εF , the spectroscopic factor can be
calculated using Eq. (9). These spectroscopic factors are listed
in Table I while in Table II occupation and depletion numbers
are presented. Indeed, the fact that the spectroscopic factors
for protons are smaller than those of the neutrons is consistent
with the protons being more correlated than the neutrons. The
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FIG. 8. Experimental and fitted 208Pb charge density. The solid
black line is calculated using Eq. (5) and folding with the pro-
ton charge distribution, while the experimental band represents
the 1% error associated with the extracted charge density from
elastic-electron-scattering experiments using the sum of Gaussians
parametrization [2,54]. Also shown is the deduced weak charge dis-
tribution, ρw (long-dashed red line), and neutron matter distribution,
ρn (short-dashed blue line).
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FIG. 9. Experimental and fitted 208Pb(e, e) differential cross sec-
tions. All available data have been transformed to an electron energy
of 502 MeV [1].

present values of the valence spectroscopic factors are consis-
tent with the observations in Ref. [6] and the interpretation
in Ref. [7]. It is important to note that these spectroscopic
factors are indirectly determined by the fit to all the available
data similarly to the case reported in Ref. [17] for 48Ca. The
extraction of spectroscopic factors using the (e, e′ p) reaction
has yielded a value around 0.65 for the valence 2s1/2 orbit
[57] based on the results in Refs. [3,4]. While the use of
nonlocal optical potentials may slightly increase this value as

−20

−15

−10

−5

0
HF DOM Exp.

0i 13
2

1f 7
2

0h 9
2

2s 1
2

1d 3
2

0h 11
2

1d 5
2

0g 7
2

0g 9
2

E
ne

rg
y

[M
eV

]

FIG. 10. Proton energy levels in 208Pb. The energies on the left
are calculated using only the static part of the DOM self-energy,
corresponding to a Hartree-Fock calculation. The middle energies
are those calculated using the full DOM self-energy. The energies
on the right correspond to the experimental values. The change from
the left energies to the middle energies is the result of including the
dynamic part of the self-energy.
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Neutron Skin: �rnp = rn � rp

Mack C. Atkinson TRIUMF 9 / 18

rn can be measured through parity-violating electron scattering (weak)

PREX-II at Je↵erson Lab measured 208Pb skin
Preliminary CREX results for 48Ca released at DNP meeting 2021
Very surpising 48Ca skin!
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DOM

MCMC and standard DOM prediction of neutron skins
• Markov Chain Monte Carlo                                             Standard   

Neutron skins.—The neutron skin

Δrnp ≡ rrmsðnÞ − rrmsðpÞ ð7Þ

was first identified as an important observable by
Wilkinson over fifty years ago [26]. Neutron skins on
neutron-rich nuclei are connected to other nuclear structural
quantities, including the electric dipole polarizability, the
location of the pygmy and giant dipole resonances, the
density dependence of the symmetry energy, and the size of
neutron stars [2,4,27–29].
The neutron skins extracted from the present work are

shown in Fig. 3 and median values and uncertainties in
Table I. We find that the degree of asymmetry,
α≡ ðN − ZÞ=A, correlates strongly (r ¼ 0.89) with the
median skin thicknesses. If a simple linear dependence
in α is assumed, extrapolation from the 58;64Ni skins gives
a 56Ni skin thickness of −0.04$ 0.03 fm. A similar
calculation with 112;124Sn yields a 100Sn skin thickness
of −0.07$0.06 fm. In the symmetric systems 16O and 40Ca,
Coulomb repulsion nudges proton density outward from
the core, resulting in a small negative neutron skin (that
is, a proton skin). Again assuming the linear dependence
of this Coulomb effect, extrapolation from 16O and 40Ca
gives neutron skins of −0.07$ 0.02 fm for 56Ni and
−0.12$ 0.04 fm for 100Sn, slightly more negative than,
but in keeping with, the linear extrapolation from 58;64Ni

and 112;124Sn. Besides Coulomb and asymmetry-dependent
effects, the large 48Ca median skin of 0.22 fm and near-zero
median 64Ni skin of −0.01 fm show the importance of shell
effects for certain systems (cf. with 208Pb results of [15]). To
wit, most of the excess neutrons in 48Ca and 64Ni enter the
neutron f7=2 and neutron p3=2 shells, respectively, as seen in
Fig. 1 for 48Ca. The mean radius of the f7=2 shell is larger
than the deeper shells; thus, when neutron density is added,
the size grows rapidly. In 64Ni, the neutron 1p3=2 rms radius
is closer to the overall rrmsðnÞ of 58Ni, so the additional
neutrons of 64Ni do little to grow the skin thickness.
For 18O, the mirror-nuclei logic of [30] can be applied to

cross-check our skin value. Assuming isospin symmetry,
the difference between the 18Ne and 18O charge radii is a
good proxy for the 18O neutron skin thickness. Per [31],
the charge radius difference between 18Ne and 18O is
0.20$ 0.01 fm. Before comparing this proxy value with
the neutron skin of 18O, Coulomb and deformation cor-
rections must be applied. First, due to the Coulomb force,
the proton density of 18Ne extends further than the neutron
density of 18O. We estimate the magnitude of this proton
density extension in 18Ne as 0.03 fm, or 25% larger than the
difference between the proton and neutron distributions
of 16O, due to the 25% larger proton number of 18Ne.
Subtracting 0.03 fm from the 18Ne-18O radius difference
yields 0.17 fm. Second, because 18Ne is more deformed

FIG. 3. Neutron skin probabilities via MCMC sampling for 16;18O, 40;48Ca, 58;64Ni, 112;124Sn, and 208Pb. Each axis shows a single
element. For elements with two isotopes histogrammed, the lighter isotope is shown using light bars, and the heavier isotope is shown
with dark bars. The heights of each distribution have been arbitrarily rescaled to facilitate comparison.

TABLE I. Neutron skins (Δrnp), in fm, from this work. The 16th, 50th, and 84th percentile values of the skin distribution are
reported as 508416.

16O 18O 40Ca 48Ca 58Ni 64Ni 112Sn 124Sn 208Pb

−0.025−0.023−0.027 0.060.110.02 −0.051−0.048−0.055 0.220.240.19 −0.03−0.02−0.05 −0.010.03−0.04 0.050.080.02 0.170.230.12 0.180.250.12

PHYSICAL REVIEW LETTERS 125, 102501 (2020)

102501-4

C. D. Pruitt, R. J. Charity, L. G. Sobotka, M. C. Atkinson, and W. H. Dickhoff                                                           
                                  Phys. Rev. Lett. 125, 102501 (2020), 1-6.
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neutron-rich nuclei are connected to other nuclear structural
quantities, including the electric dipole polarizability, the
location of the pygmy and giant dipole resonances, the
density dependence of the symmetry energy, and the size of
neutron stars [2,4,27–29].
The neutron skins extracted from the present work are

shown in Fig. 3 and median values and uncertainties in
Table I. We find that the degree of asymmetry,
α≡ ðN − ZÞ=A, correlates strongly (r ¼ 0.89) with the
median skin thicknesses. If a simple linear dependence
in α is assumed, extrapolation from the 58;64Ni skins gives
a 56Ni skin thickness of −0.04$ 0.03 fm. A similar
calculation with 112;124Sn yields a 100Sn skin thickness
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Coulomb repulsion nudges proton density outward from
the core, resulting in a small negative neutron skin (that
is, a proton skin). Again assuming the linear dependence
of this Coulomb effect, extrapolation from 16O and 40Ca
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DOM

CREX surprise

• Mean field description cannot accommodate both


• How about DOM?


• But…

Precision Determination of the Neutral Weak Form Factor of 48Ca
(The CREX Collaboration)
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We report a precise measurement of the parity-violating asymmetry APV in the elastic scattering
of longitudinally polarized electrons from 48Ca. We measure APV = 2668±106 (stat)±40 (syst) parts
per billion, leading to an extraction of the neutral weak form factor FW(q = 0.8733 fm�1) = 0.1304±
0.0052 (stat)±0.0020 (syst) and the charge minus the weak form factor Fch�FW = 0.0277±0.0055.
The resulting neutron skin thickness Rn �Rp = 0.121± 0.026 (exp)± 0.024 (model) fm is relatively
thin yet consistent with many model calculations. The combined CREX and PREX results will
have implications for future energy density functional calculations and on the density dependence
of the symmetry energy of nuclear matter.
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FIG. 5. 48Ca neutron minus proton radius versus that for
208Pb. The PREX-2+PREX-1 experimental result is shown
as a blue square, while that for CREX is shown as a red
square with the inner error bars indicating the experimental
error and the outer error bars including the model error. The
gray circles (magenta diamonds) show a variety of relativis-
tic (non-relativistic) density functionals. Coupled cluster [8]
and dispersive optical model (DOM) predictions [47] are also
shown.

from this work, including excellent systematic control
of helicity-correlated fluctuations and demonstration of
high precision electron beam polarimetry, will inform the
design of future projects MOLLER [49] and SoLID [50]
at JLab measuring fundamental electroweak couplings,
as well as P2 and the 208Pb radius experimental propos-
als at Mainz [51].
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the experimental uncertainty. This value overlaps with the
range of values (0.12–0.26 fm) predicted with 48 reason-
able nuclear energy-density functionals in Ref. [30] but is
large compared to the range of 0.12–0.15 fm obtained with
the ab initio coupled-cluster method [31].
To further understand which data in the fits exhibit the

most sensitivity to skin thickness, we have made con-
strained fits where selected values of rn are forced in the

DOM calculations. This is achieved by varying the radius
parameters of the main real potential (rHF

n and rHFasy
n in

Ref. [24]) and refitting the other asymmetry-dependent
parameters. Our weighted χ2 as a function of the calculated
rn is plotted as the data points in Fig. 1(c), and the absolute
minimum at rn ¼ 3.67 fm corresponds to our skin thick-
ness of 0.249 fm. We found some fine-scale jitter in the
variation of χ2 with rn, and, because we want to concentrate
on the larger-scale variation, the data points shown in
Fig. 1(c) are local averages with the error bars giving the
range of the jitter.
The location of the ab initio results is also indicated at

rn ∼ 3.56 fm, where the χ2 is larger. We have subdivided
this χ2 into its contributions from its two most important
components (dashed curves): from the elastic-scattering
angular distributions and from the total neutron cross
sections. The former has a smaller sensitivity to rn, and
its χ2 is slightly lower for the smaller values of rn which are
more consistent with the ab initio result as illustrated in
Fig. 1(a), where a fit with a forced value ofΔrnp ¼ 0.132 is
compared to our best fit and to the data. While this new
calculation improves the reproduction of these data, the
deviations of both curves from the data are typical of what
one sees in global optical-model fits. In addition, these
experimental angular distributions cover only a small range
of bombarding energies (7.97–16.8 MeV) and may not be
typical of other energies.
The total cross section exhibits a larger sensitivity, and

the experimental data cover a large range of neutron
energies (6–200 MeV). Two data sets are available (circles
and diamonds) but are inconsistent by ∼10% at Elab ∼
10 MeV where their ranges overlap. We consider the high-
energy data set [29] (circles) more accurate, as it was
obtained with 48Ca metal, while the low-energy set [28]
(diamonds) employed 48CaCO3 and required a subtraction
of ∼70% of the signal due to neutron absorption from the
CO3 component. Therefore, we have chosen to display the
χ2 contribution only from the high-energy set. This χ2

exhibits a broad minimum from rn ¼ 3.66 to 3.75 fm,
allowing values of Δrnp up to 0.33 fm.

(a)

(b)

(c)

FIG. 1. (a) Comparison of experimental nþ 48Ca elastic-scat-
tering angular distributions [22,27] to the best DOM fit of all data
(solid curves) and to a constrained fit with the skin thickness
forced to Δrnp ¼ 0.132 fm (dashed curves) which is consistent
with the ab initio result. The higher-energy data and calculations
have been offset along the vertical axis for clarity. (b) Comparison
of the experimental total neutron cross sections of 48Ca (diamonds
[28] and circles [29]) to DOM fits with constrained values of rn.
The curve labeled with a triangle is for the rn value of our best fit,
while the curve labeled with a square is for a value consistent with
the ab initio result [see (c)]. (c) The χ2 from fitting all data (solid
curve) and its contribution from fitting the elastic-scattering
angular distributions and total neutron cross section (short-dashed
and long-dashed curves, respectively). Each data point corre-
sponds to an average of fitted values with very similar rn values.

FIG. 2. Comparison of the experimental (ρexp) and fitted (ρch)
charge distribution for 48Ca. The neutron matter distribution is
plotted as ρn, while the weak charge distribution is plotted as ρw.
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Binding at saturation of symmetric matter
• Maybe 16 MeV binding is not needed!
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Reexamining the relation between the binding energy of finite nuclei
and the equation of state of infinite nuclear matter
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The energy density is calculated in coordinate space for 12C, 40Ca, 48Ca, and 208Pb using a dispersive optical
model constrained by all relevant data including the corresponding energy of the ground state. The energy density
of 8Be is also calculated using the Green’s-function Monte Carlo method employing the Argonne-Urbana two-
and three-body interactions. The nuclear interior minimally contributes to the total binding energy due to the
4πr2 phase-space factor. Thus, the volume contribution to the energy in the interior is not well constrained. The
dispersive-optical-model energy densities are in good agreement with ab initio self-consistent Green’s-function
calculations of infinite nuclear matter restricted to treat only short-range and tensor correlations. These results
call into question the degree to which the equation of state for nuclear matter is constrained by the empirical mass
formula. In particular, the results in this paper indicate that saturated nuclear matter does not require the canonical
value of 16-MeV binding per particle but only about 13–14 MeV when the interior of 208Pb is considered.

DOI: 10.1103/PhysRevC.102.044333

I. INTRODUCTION

The investigation of the binding energy of atomic nu-
clei dates back to the origins of nuclear physics [1]. The
well-known empirical mass formula, developed by Bethe and
Bacher [2] and von Weizsäcker [3], accurately describes the
global aspects of nuclear binding for most of the nuclear
chart. Its success is largely due to the saturating nature of
the constituent nucleons in nuclei. The evidence for nuclear
saturation came from measurements of the root-mean-squared
(rms) charge radius of nuclei which revealed that the vol-
ume of a given nucleus scales linearly with A [1,4]. Elastic
electron-scattering experiments revealed that the density in
the interior of nuclei saturates at a value around ρ0 ≈ 0.16
fm−3 [4,5]. In order to understand the mechanism behind
nuclear saturation, infinite nuclear matter (NM) is an ideal
system that is often studied [6–8]. Depending on the method
and realistic nucleon-nucleon (NN) interaction used, the cal-
culated value of ρ0 in NM can stray from the experimental
value as discussed, e.g., in Ref. [9]. In addition to the density
at saturation, the associated binding energy, E0, plays a vital
role in the equation of state (EOS) of NM. The EOS does not
exhibit saturation in neutron-rich systems, but its character-
ization is nonetheless relevant for astrophysical research on
supernovae and neutron stars [10–12].

The traditional method used to estimate ρ0 is funda-
mentally different than that of E0. While the value of
ρ0 is determined experimentally, E0 is determined em-

*matkinson@triumf.ca

pirically from an extrapolation of the empirical mass
formula [4,13,14]

BE (A, Z ) = −aV A + aSA2/3 + aCZ (Z − 1)A−1/3

+ 1
2 aA(A − 2Z )2A−1, (1)

where aV , aS , aC , and aA are parameters fit to nuclear masses
[1]. Because the only link between Eq. (1) and NM is the
volume term, the canonical value of the saturation energy is
assumed to be E0/A = −aV ≈ −16 MeV [4,13]. However,
this involves a significant extrapolation that neglects proper
consideration of long-range correlations (LRC) in both finite
and infinite systems [6,15–17]. Contributions to the binding
energy from LRC are associated with collective phenomena.
In finite nuclei, these emerge as low-lying natural parity
surface vibrations and higher-lying giant resonances. These
excitations are associated with the presence of a surface and
therefore have no counterpart in NM. Conversely, LRC in NM
are characterized by their total momentum (and spin-isospin
quantum numbers) which have no direct counterpart in finite
nuclei as momentum is not a good quantum number of an
excited state in a nucleus. This is particularly problematic for
matter excitations with pionic quantum numbers as the related
soft mode in NM occurs at finite momentum and thereby
contributes substantially to binding, is strongly enhanced by
the coupling to the # isobar, and increases in importance
with density. For this reason, it was argued in Ref. [15] that
the link between finite nuclei and NM saturation properties
should be confined to the effect of short-range correlations
(SRC). Assumptions made about the role of LRC therefore
influence the link between finite nuclei and NM. As will be

2469-9985/2020/102(4)/044333(13) 044333-1 ©2020 American Physical Society
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Conclusions

• Ab initio Green’s function method at finite T —> asymmetric matter <—> tensor force


• Asymmetric matter: Minority species more correlated quantitatively determined by tensor force


• Pairing gaps relevant for cooling scenarios


• Empirical Green’s function method —> DOM


• DOM describes lots of data and can predict hard to access experimental data —> neutron skin


• DOM suggests that some reexamining of nuclear saturation properties might be in order: 16 MeV 
at saturation may be too large


• DOM should be extended to describe response functions simultaneously


