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to understand details of 3D nucleon structure.

Particularly important in the context of EIC launch.

Parton distribution functions (PDFs) incorporate non-perturbative information
on longitudinal motion of partons,

• related to matrix elements with same incoming/outgoing hadron state,
• probed in deep inelastic scattering (DIS) – ep −→ eX.

It is clear one can get much more information on hadron’s structure
if allowing for different outgoing state!

Adding momentum transfer is a natural generalization, leading to
generalized parton distributions (GPDs):

• experimentally, require exclusive processes like
deeply virtual Compton scattering (DVCS) – ep −→ e′p′γ,

• reflect spatial distribution of partons in the transverse plane,
• contain information on mechanical properties of hadrons,
• wealth of information on the hadron spin,
• reduce to PDFs in the forward limit, e.g. H(x, 0, 0) = q(x),
• moments of GPDs are form factors, e.g.

∫
dxH(x, ξ, t) = F1(t).
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5. Ingenious analysis techniques, with inputs from perturbation theory.
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most costly part of the procedure!
needs several ~Q vectors

Breit frame: separate calculations
for each ~Q
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most costly part of the procedure!
needs several ~Q vectors

Breit frame: separate calculations
for each ~Q

logarithmic and power divergences
in bare matrix elements
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most costly part of the procedure!
needs several ~Q vectors

Breit frame: separate calculations
for each ~Q

logarithmic and power divergences
in bare matrix elements

also: one needs to disentangle 2/4 GPDs types
unpol./hel.: H/H̃ and E/Ẽ-GPDs

transv.: HT , ET , H̃T and ẼT -GPDs
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most costly part of the procedure!
needs several ~Q vectors

Breit frame: separate calculations
for each ~Q

logarithmic and power divergences
in bare matrix elements

also: one needs to disentangle 2/4 GPDs types
unpol./hel.: H/H̃ and E/Ẽ-GPDs

transv.: HT , ET , H̃T and ẼT -GPDs

non-trivial aspect: reconstruction of
a continuous distribution from

a finite set of ME (“inverse problem”)
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most costly part of the procedure!
needs several ~Q vectors

Breit frame: separate calculations
for each ~Q

logarithmic and power divergences
in bare matrix elements

also: one needs to disentangle 2/4 GPDs types
unpol./hel.: H/H̃ and E/Ẽ-GPDs

transv.: HT , ET , H̃T and ẼT -GPDs

non-trivial aspect: reconstruction of
a continuous distribution from

a finite set of ME (“inverse problem”)

ξ3 ≡ z

ξ0 ≡ t
ξ+ξ−

needs a sufficiently large momentum
valid up to higher-twist effects
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most costly part of the procedure!
needs several ~Q vectors

Breit frame: separate calculations
for each ~Q

logarithmic and power divergences
in bare matrix elements

also: one needs to disentangle 2/4 GPDs types
unpol./hel.: H/H̃ and E/Ẽ-GPDs

transv.: HT , ET , H̃T and ẼT -GPDs

non-trivial aspect: reconstruction of
a continuous distribution from

a finite set of ME (“inverse problem”)

ξ3 ≡ z

ξ0 ≡ t
ξ+ξ−

needs a sufficiently large momentum
valid up to higher-twist effects

the final desired object!
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Lattice setup:

• fermions: Nf = 2 twisted mass fermions + clover term

• gluons: Iwasaki gauge action, β = 1.778

• gauge field configurations generated by ETMC

• lattice spacing a ≈ 0.093 fm,

• 323 × 64 ⇒ L ≈ 3 fm,

• mπ ≈ 260 MeV.

Twist-2 unpolarized+helicity GPDs ETMC, Phys. Rev. Lett. 125 (2020) 262001

Twist-2 transversity GPDs ETMC, Phys. Rev. D105 (2022) 034501

Twist-3 axial GPDs S. Bhattacharya et al. (ETMC/Temple), 2112.05538, in preparation

Twist-2 unpolarized GPDs S. Bhattacharya et al. (ETMC/BNL/ANL), 2209.05373
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Lattice setup:

• fermions: Nf = 2 twisted mass fermions + clover term

• gluons: Iwasaki gauge action, β = 1.778

• gauge field configurations generated by ETMC

• lattice spacing a ≈ 0.093 fm,

• 323 × 64 ⇒ L ≈ 3 fm,

• mπ ≈ 260 MeV.

Twist-2 unpolarized+helicity GPDs ETMC, Phys. Rev. Lett. 125 (2020) 262001

Twist-2 transversity GPDs ETMC, Phys. Rev. D105 (2022) 034501

Twist-3 axial GPDs S. Bhattacharya et al. (ETMC/Temple), 2112.05538, in preparation

Twist-2 unpolarized GPDs S. Bhattacharya et al. (ETMC/BNL/ANL), 2209.05373

Kinematics:
• three nucleon boosts: P3 = 0.83, 1.25, 1.67 GeV,
• momentum transfers: −t = 0, 0.69, 1.02 GeV2,
• skewness: ξ = 0, 1/3.
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Lattice matrix elements need to be computed with 2 different projections (unpolarized/polarized).
Below for the unpolarized Dirac insertion (for unpolarized GPDs)
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Lattice matrix elements need to be computed with 2 different projections (unpolarized/polarized).
Below for the unpolarized Dirac insertion (for unpolarized GPDs)

0

0.5

1

1.5

0 2 4 6 8 10

-0.4

-0.2

0

0.2

0

0.5

1

0 2 4 6 8 10

-0.2

0

0.2

unpolarized projector polarized projector

Three nucleon boosts: P3 = 0.83, 1.25, 1.67 GeV
Momentum transfer: −t = 0.69 GeV2

Zero skewness: ξ = 0
ETMC, Phys. Rev. Lett. 125 (2020) 262001
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Removal of divergences and disentangling of H- and E-GPDs.
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The work presented so far was done with the standard symmetric (Breit) frame.

Drawback on the lattice:
separate calculations for each momentum transfer: P sink =

(
∆x
2 ,

∆y

2 , P3

)
.

• Can we reduce the cost by assigning all momentum transfer to the source
and have fixed P sink = (0, 0, P3)?

• Additionally, can we think of other definitions of quasi-GPDs to have potentially
faster convergence to the light-cone GPDs?

Main theoretical tool: See Shohini’s talk later today! S. Bhattacharya et al., arXiv:2209.05373

Lorentz-covariant parametrization of matrix elements (e.g. vector case):

F
µ
(z, P,∆)= ū(p

′
, λ

′
)

[

Pµ

m
A1+mz

µA2+
∆µ

m
A3+imσ

µzA4+
iσµ∆

m
A5+

Pµiσz∆

m
A6+

zµiσz∆

m
A7+

∆µiσz∆

m
A8

]

u(p, λ),

(inspired by: S. Meissner, A. Metz, M. Schlegel, JHEP08(2009)056).

• most general parametrization in terms of 8 linearly-independent Lorentz structures,

• 8 Lorentz-invariant amplitudes Ai(z · P, z ·∆,∆2, z2).
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S. Bhattacharya et al., arXiv:2209.05373

The relation between lattice-calculated matrix elements and the Lorentz-invariant
amplitudes Ai is different in the symmetric and the non-symmetric frame.

For example: (γ0 insertion, unpolarized projector)

symmetric frame:

Π
s
0(Γ0) = C





E
(

E(E + m) − P2
3

)

2m3
A1 +

(E + m)
(

−E2 + m2 + P2
3

)

m3
A5 +

EP3

(

−E2 + m2 + P2
3

)

z

m3
A6



 ,

asymmetric frame:

Π
a
0 (Γ0) = C

(

−
(Ef + Ei)(Ef − Ei − 2m)(Ef + m)

8m3
A1 −

(Ef − Ei − 2m)(Ef + m)(Ef − Ei)

4m3
A3 +

(Ei − Ef )P3z

4m
A4

+
(Ef + Ei)(Ef + m)(Ef − Ei)

4m3
A5 +

Ef (Ef + Ei)P3(Ef − Ei)z

4m3
A6 +

EfP3(Ef − Ei)
2z

2m3
A8

)

.
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S. Bhattacharya et al., arXiv:2209.05373

The relation between lattice-calculated matrix elements and the Lorentz-invariant
amplitudes Ai is different in the symmetric and the non-symmetric frame.

For example: (γ0 insertion, unpolarized projector)

symmetric frame:

Π
s
0(Γ0) = C





E
(

E(E + m) − P2
3

)

2m3
A1 +

(E + m)
(

−E2 + m2 + P2
3

)

m3
A5 +

EP3

(

−E2 + m2 + P2
3

)

z

m3
A6



 ,

asymmetric frame:

Π
a
0 (Γ0) = C

(

−
(Ef + Ei)(Ef − Ei − 2m)(Ef + m)

8m3
A1 −

(Ef − Ei − 2m)(Ef + m)(Ef − Ei)

4m3
A3 +

(Ei − Ef )P3z

4m
A4

+
(Ef + Ei)(Ef + m)(Ef − Ei)

4m3
A5 +

Ef (Ef + Ei)P3(Ef − Ei)z

4m3
A6 +

EfP3(Ef − Ei)
2z

2m3
A8

)

.

Thus,

• matrix elements Πµ(Γν) are frame-dependent,

• but the amplitudes Ai are frame-invariant.
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non-symmetric frame
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A2, A3, A4, A6, A7, A8 (subleading ones)
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The standard definition of H and E GPDs:
S. Bhattacharya et al., arXiv:2209.05373

See Shohini’s talk later today!

F 0(z, P,∆) = ū(p′, λ′)

[
γ0FH(0)(z, P,∆) +

iσ0µ∆µ

2m
FE(0) (z, P,∆)

]
u(p, λ) .
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The standard definition of H and E GPDs:
S. Bhattacharya et al., arXiv:2209.05373

See Shohini’s talk later today!

F 0(z, P,∆) = ū(p′, λ′)

[
γ0FH(0)(z, P,∆) +

iσ0µ∆µ

2m
FE(0) (z, P,∆)

]
u(p, λ) .

Thus-defined GPDs are obviously frame-dependent! In terms of Ai’s (ξ = 0 case):
symmetric frame:

FH(0) = A1 +
z(Q2

1 +Q2
2)

2P3
A6 ,

FE(0) = −A1 −
m2z

P3
A4 + 2A5 −

z
(
4E2 +Q2

1 +Q2
2

)

2P3
A6 .

asymmetric frame:

FH(0) = A1 +
Q0

P0
A3 +

m2zQ0

2P0P3
A4 +

z(Q2
0 +Q2

⊥
)

2P3
A6 +

z(Q3
0 +Q0Q2

⊥
)

2P0P3
A8 ,

F
E(0) =−A1−

Q0

P0

A3−
m2z(Q0 + 2P0)

2P0P3

A4+2A5−

z
(

Q2
0 + 2P0Q0 + 4P2

0 + Q2
⊥

)

2P3

A6−

zQ0

(

Q2
0 + 2Q0P0 + 4P2

0 + Q2
⊥

)

2P0P3

A8 .

Note: the standard definition is frame-dependent, but still valid in the sense of approaching
the correct GPDs in the light-cone limit.
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H and E GPDs – Lorentz-invariant definition
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The definition of H and E GPDs can be made Lorentz-invariant in the following way:
S. Bhattacharya et al., arXiv:2209.05373

See Shohini’s talk later today!FH = A1 +
∆ · z

P · z
A3 ,

FE = −A1 −
∆ · z

P · z
A3 + 2A5 + 2P · zA6 + 2∆ · zA8 .
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The definition of H and E GPDs can be made Lorentz-invariant in the following way:
S. Bhattacharya et al., arXiv:2209.05373

See Shohini’s talk later today!FH = A1 +
∆ · z

P · z
A3 ,

FE = −A1 −
∆ · z

P · z
A3 + 2A5 + 2P · zA6 + 2∆ · zA8 .

At zero-skewness:

FH = A1 ,

FE = −A1 + 2A5 + 2zP3A6 .

With respect to the standard definition, removed/reduced contribution from A3, A4, A6, A8.
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The definition of H and E GPDs can be made Lorentz-invariant in the following way:
S. Bhattacharya et al., arXiv:2209.05373

See Shohini’s talk later today!FH = A1 +
∆ · z

P · z
A3 ,

FE = −A1 −
∆ · z

P · z
A3 + 2A5 + 2P · zA6 + 2∆ · zA8 .

At zero-skewness:

FH = A1 ,

FE = −A1 + 2A5 + 2zP3A6 .

With respect to the standard definition, removed/reduced contribution from A3, A4, A6, A8.

In terms of matrix elements:

• standard definition – only Π0(Γ0), Π0(Γ1/2),
• Lorentz-invariant definition – additionally:

⋆ symmetric: Π1/2(Γ3),
⋆ non-symmetric: Π1/2(Γ3), Π1/2(Γ0), Π1(Γ2), Π2(Γ1).

Thus, adding info from additional MEs potentially improves convergence (to be investigated).
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S. Bhattacharya et al., arXiv:2209.05373Quasi-GPDs
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STANDARD DEFINITION
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S. Bhattacharya et al., arXiv:2209.05373Quasi-GPDs
H-GPD E-GPD H-GPD E-GPD

Matched GPDs

STANDARD DEFINITION

LORENTZ-INVARIANT DEFINITION

Main conclusions:
– GPDs can be computed in non-symmetric frames, reducing the computational cost

– GPDs can be made frame-independent (Lorentz-invariant definition) – potentially better convergence

Overall, it gives much better perspectives for lattice GPDs!



Transversity GPDs
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Transversity GPDs:
4 GPDs: HT , ET , H̃T , ẼT

ETMC, Phys. Rev. D105 (2022) 034501
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Transversity GPDs:
4 GPDs: HT , ET , H̃T , ẼT

ETMC, Phys. Rev. D105 (2022) 034501
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ETMC, Phys. Rev. Lett. 125 (2020) 262001

ETMC, Phys. Rev. D105 (2022) 034501
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First exploration of twist-3 GPDs
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H̃ + G̃2 (ξ = 0,−t = 0.69 GeV2) Ẽ + G̃1

S. Bhattacharya et al., 2112.05538
See Jack’s talk later today!

H̃ + G̃2 vs. H̃ vs. gT (ξ = 0,−t = 0.69, 1.39 GeV2) Ẽ + G̃1
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• Huge progress in lattice calculations of GPDs!

• Recent breakthrough:

⋆ computationally more efficient calculations in non-symmetric
frames,

⋆ with, potentially, faster convergence to the light-cone (to be
investigated).

• Overall very encouraging results!

• Still several challenges to overcome (control of systematics).

• Obviously, GPDs much more challenging than PDFs.

• Expect slow, but consistent progress and complementary role to
pheno.
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• Huge progress in lattice calculations of GPDs!

• Recent breakthrough:

⋆ computationally more efficient calculations in non-symmetric
frames,

⋆ with, potentially, faster convergence to the light-cone (to be
investigated).

• Overall very encouraging results!

• Still several challenges to overcome (control of systematics).

• Obviously, GPDs much more challenging than PDFs.

• Expect slow, but consistent progress and complementary role to
pheno.

Thank you for your attention!
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Transversity GPDs
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Transversity GPDs: ETMC, Phys. Rev. D105 (2022) 034501

4 GPDs: HT , ET , H̃T , ẼT

Three nucleon boosts (ξ = 0): P3 = 0.83, 1.25, 1.67 GeV
Nucleon boost (ξ 6= 0): P3 = 1.25 GeV

Momentum transfer (ξ = 0): −t = 0.69 GeV2

Momentum transfer (ξ 6= 0): −t = 1.02 GeV2
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Transversity GPDs:
4 GPDs: HT , ET , H̃T , ẼT
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More fundamental quantity: ET + 2H̃T

– related to the transverse spin structure of the proton

– physically interpreted as lateral deformation in the distribution
of transversely polarized quarks in an unpolarized proton

– lowest Mellin moment in the forward limit:
transverse spin-flavor dipole moment in an unpolarized target (kT )

– second moment related to the transverse-spin
quark angular momentum in an unpolarized proton
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n = 0 Mellin moments:
∫ 1

−1
dxHT (x, ξ, t) =

∫
∞

−∞

dxHTq(x, ξ, t, P3) = AT10(t) ,

∫ 1

−1
dxET (x, ξ, t) =

∫
∞

−∞

dxETq(x, ξ, t, P3) = BT10(t) ,

∫ 1

−1
dx H̃T (x, ξ, t) =

∫
∞

−∞

dx H̃Tq(x, ξ, t, P3) = ÃT10(t) ,

∫ 1

−1
dx ẼT (x, ξ, t) =

∫
∞

−∞

dx ẼTq(x, ξ, t, P3) = 0 ,

(1)

• lowest moments of GPDs skewness-independent,
• lowest moments of quasi-GPDs boost-independent.

n = 1 Mellin moments (related to GFF of one-derivative tensor operator):
∫ 1

−1
dx xHT (x, ξ, t) = AT20(t) ,

∫ 1

−1
dxxET (x, ξ, t) = BT20(t) ,

∫ 1

−1
dx x H̃T (x, ξ, t) = ÃT20(t) ,

∫ 1

−1
dxx ẼT (x, ξ, t) = 2ξB̃T21(t) , (2)

(3)

• skewness-dependence only in for ẼT (only ξ-odd GPD).
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Moments of HT (x, ξ = 0, t = −0.69GeV2) HT (x, ξ = 1/3, t = −1.02GeV2)
P3 = 0.83 GeV P3 = 1.25 GeV P3 = 1.67 GeV P3 = 1.25 GeV

HTq 0.65(4) 0.64(6) 0.81(10) 0.49(5)
HT 0.69(4) 0.67(6) 0.84(10) 0.45(4)
xHT 0.20(2) 0.21(2) 0.24(3) 0.15(2)

AT10 (z = 0) 0.65(4) 0.65(6) 0.82(10) 0.49(5)

Mellin moments P3-independent, preserved by matching, suppressed with increasing −t.

Moments of ET (x, ξ = 0, t = −0.69GeV2) HT (x, ξ = 1/3, t = −1.02GeV2)
P3 = 0.83 GeV P3 = 1.25 GeV P3 = 1.67 GeV P3 = 1.25 GeV

ETq 1.20(42) 2.05(65) 0.67(19)
ET 1.15(43) 2.10(67) 0.73(19)
xET 0.06(4) 0.13(5) 0.11(11)

BT10 (z = 0) 1.71(28) 1.22(43) 2.10(67) 0.68(19)

Moments of H̃T (x, ξ = 0, t = −0.69GeV2) H̃T (x, ξ = 1/3, t = −1.02GeV2)
P3 = 0.83 GeV P3 = 1.25 GeV P3 = 1.67 GeV P3 = 1.25 GeV

H̃Tq -0.44(20) -0.90(32) -0.26(9)

H̃T -0.42(21) -0.92(33) -0.27(9)

xH̃T -0.17(8) -0.30(10) -0.05(5)

ÃT10 (z = 0) -0.67(14) -0.45(21) -0.92(33) -0.24(8)

Similar conclusions (but very large errors).
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