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Today’s Goal

Solve
1 1
o)
Pl - o | [2P@s (2) a:= [P S a2 foree 2= o1
x 0
where
t) _ 127
o (33— 2np) 1
41+ 22
P<x) - § l—=x

Ref: Olanj, N., Parsa, M. L., & Asgari, L. (2022). Analytical solution of the DGLAP equations using the generating
function method. Physics Letters B, 834, 137472.
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Today’s Goal

Initial condition:

flz,t=0) = fz) =
1.335820-6557(1 — 1)2-2318[1 — 0.26767(1 — 2v/x) — 0.51620(2(1 — 2y/x)? — 1)
+0.47167(4(1 — 2¢/2)3 — 3(1 — 2y/x)) — 0.12224(8(1 — 2y/x)* — 8(1 — 2/1)?
4+ 1)] + 3.60092 07495 (1 — 2)*-6165[1 — 1.3817(1 — 24/z) + 0.49690(2(1 — 2v/7)?
— 1) — 0.040740(4(1 — 2¢/7)3 — 3((1 — 2v/x)) — 0.03926(8((1 — 2/z)* — 8((1 — 2/7)% + 1)]

_o. ~0.08405 (1 _ ,.)14.402 (1 _
053151 (L =) = 5056131

Ref: Olanj, N., Parsa, M. L., & Asgari, L. (2022). Analytical solution of the DGLAP equations using the generating
function method. Physics Letters B, 834, 137472.
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Core Ideas of Spectral/Finite-Element Methods

o Polynomial series w/ local supports:

The basis functions, ¢,(x), are non-zero only in local domains, i.e., elements.

o Differentiation/integration approximations:
N
af ~ , 0¢;()
ox * ; /i ox
o Minimizing multuple weighted residuals:

[ iwliw)az =o
94
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Warm-Up: Interpolation (1/5)

Approximation:

fa) = 2a b1 -2 ~ fo) = fuule) forz e [0,1]

1=0

4 unknowns = need 4 equations = 4 weighted residuals:

-1 . -1

[ o) (@) = f@) do| L [ o) () da
07 01 ) 0f¢0¢0 dez - - 0f¢0¢3 dx s 01
o| Ofl i(x) (F(2) — f(2)) da ) 5 5 o Oflzpl(a;) f(z) da
8 f¢2 (f(x SU)) dx 1 : ) : ;2 fwg(x)f(.l?) de
S 01 Jbspodz [ hspgda | =3 01

Jus(e ) (f@) = f(@) de| 5 0 - J¥s(@)f(@)da
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Warm-Up: Interpolation (2/5)

1
Po(x) = ho(x) = { (1) . f)(;;:nii[soé ’
3z for z € [0, 3]
¢1(x>¢1(33){ 2—3z forxe[%,ﬁ]
0 otherwise
—1+3x forze [%,%]
Po(w) = y(x) = { 3—3r forxze [%’1]
0 otherwise
2
P3(w) = P3(z) = { 0 e f)(‘z;eer/EVl['S:ge, !

1.0 A

0.5 A

0.0 -

1.0 A

0.5 A

0.0 -

1.0 A

0.5 A

0.0 -

1.0 A

0.5 A

0.0 -

o & Yo

61 & gy

0.0
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Warm-Up: Interpolation (3/5)

Solving Af —b = 0:

200 f(x) vs. Approximations
1 ! - —
Jbopodr o o [Wodsda| o1 1 - 3]
0 0 9 18 :
: 12 1
A= _ |18 9 18 5
0o L 2 1
1 1 18 El) 118
0 0 = =
J3pgdz - o [Wgpgda - 18 9 -
-0 0 _
- 1 - ) . o ] )
J o) f(x) da 1172V/3 f, 15.3...
b | _ 1 1985/6 — 2344v/3 Fo | A |0
|, 1458 | 7776 — 3970v6 + 11723 | 7Y T || | 0.84..
Of Ys(z)f(z) de | 1985v6 —4860 | fal  1—0.11...]
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Warm-Up: Interpolation (4/5)

For an arbitrary N in f(z) ~ f(z) = Zi]io fi0;(z), Az = &, and z; = iAx:

-
Z,

¢'1($):1—i+ﬁ$7 ifzelz; |,z
¢i(x) = P;(x) = Gia(x) =1+1— ﬁi’?a it o € [z;,2;,4]
0, otherwise

((1/3N, ifi=j=00ri=j=N
2/3N, ifi=j+0+N
A_ 4 ) 2/3N, 1 JF#F0#

“ ) 1/6N, if|i—j =1
L 0, otherwise
Ax 30 (& + 1) Ax) F((E + 1) Ax)wy ifi#0andi+ N
b=b~q 4 zggl Vi€ + A2 (& + 1) 42wy ifi=0
SEY L i +2N = D) EE) f(§, +2N — 1) 88w, ifi=N

W VIRGINIA
TECH



Warm-Up: Interpolation (5/5)

All about errors and their convergence:

o Error definition 1:

o hone F@)do = fi s o) daf
o
fio 10 f(@) da

o Error definition 2:

B, = \/ | (e = fw) an

Error (Definition 1)

Error (Definition 2)

107

105 4

103 A

101 -

101

107 4
106 4
105 4
104 4
103 -
102 4
101 4

100 4

1071

Error (Definition 1)

\\

= FEM
SS —@— Naive Linear

s [y— O(Nl_z)

101 102 103
Degree of Freedoms

Error (Definition 2)

— FEM S

—@— Naive Linear Sso
-— o) S
10! 102 103

Degree of Freedoms
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After the Warm-Up, What's Next?

Viewing from elements: divide-and-conquer

(0]

o Enabling non-uniform grid, non-conformal grid, h-refinement

Solving the target integro-differential equation

(¢]

spectral: better' than linear

(o]

o Enabling p-refinement

elements + spectral

(¢]

o modern FEM, a.k.a. h/p FEM or spectral element methods
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Linear Finite-Element in 1D (1/7)

- Np R
> flolx)  ifze !
p=0
N i %Pqﬁ?( ) ifze?
f@) ~ fa) =3 figi(a) =3 & 7r 0" !
1=1 p=0 .

Np R
> fpegic(z) if ze 0N

1
\ p=0

Superscripts: the indices of element

(¢]

Subscripts: quantities/functions associated with nodes

o

(¢]

For linear approximation, N, = 1.

1 1 ri+1 : A = |
f, is not necessarily the same as f;** even if Ty =g

o
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Linear Finite-Element in 1D (2/7)

Standard element, 2°7 = [—1,1]:

) s(=y), ifgel-1,1]
Po(€) = { S, otherwise
) s+, if¢e[-1,1]
P1(8) = { g, otherwise
N.:

Mapping to 2° fori =1, -,
{ h?(é’) = 2% (64 1) + 2,

T2
gi(e) = 2-(x—ah) 1

1.00 4
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Linear Finite-Element in 1D (3/7)

Now N, (N, + 1) = 6 unknowns = need 6 equations. The easiest way:
Uy (@) = ¢),(z)
forp=0,1andi=1,2,3.

Let’s take a look at the two equations for the i-th element:

| vi@i@ar= [ i) e
TEf2* ref2*

S €

/xem vi(@)f(r) dr = /m V@) da

S

Azt
2

1 ~.
fi

REGENGE S RGENG df] [fé] ) [“T I (€ Fi(©)) dg]
L 01(©)0(€) e [ 1(€)é (€) € Az -
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Linear Finite-Element in 1D (4/7)

Define

Wl Wl
WM W
1

1
:AST:AEJTE/ V¢, dE = [
—1

The matrix for all equations from all elements:

(AT AST AT AST 0 0 0 0 1[RT T8
Az AST Az 45T 0 0 0 0 HE
0 0 AZAST AZAST 0 0 il |62
0 0 AZAST AZAST 0 0 R
0 0 0 0 AZAST ArAST LR |8
.0 0 0 0 AZAST 23T | R] 0 [b3
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Linear Finite-Element in 1D (5/7)

To enforce continuity, let’s define:

1 0 0 0] i
01 0 0 1 [ fo]
010 0 21 . i -
T = ,sothat || =f=T|% | =TFf,
00 1 0 : o
0 0 1 0 o | f5.
0 0 0 1] 3
Also, note that the effect of TT;
e
(bo] [ b ] by
1 2 2
b= || = [T — T %] = 7T
g by by + by b
bsl L b b
b3
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Linear Finite-Element in 1D (6/7)

i j;l AST Agi AST 0 0 0 0 T N by
Pal AT 0 0 0 o AL
TT- 0 0 ATZAS’,%—’ ATiAgf 0 0 T Jil _ TT- b%
0 0 Az AFT Az AT 0 0 fo b?
o0 o o aram amae | [g]
Lo 0 0o A A £
_%Aéﬁ Axt sTjA(iE? ST A:I:QO ST ’ | _Jio_ - 16(1) 2_
> | AL 0 o e e e gsr| R = [
0 S5-AT SATT S A0 S Ava | | ) b7 + 0
a : AR

We can now solve the linear system to get f, fori =0, -, 3.
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Linear Finite-Element in 1D (7/7)

Using log-uniform grid and a doamin of [1e — 5,1 — 1e — 5].

Error (Definition 1)

Error Definition 1

Error Definition 2

1-107° 1-10°
flO 5 .f( dx flO 5 f(a:)d:c \/ 1—-10-5
1= 5 5
fllo 150 f(@)da 10
Lol Error (Definition 1) Error (Definition 2)
=& FEM —¢ FEM
10-1 - —@— Naive Linear N —@— Naive Linear
-= O(F) 100 5 -= o)
10—3 4
107> | *;55 ~ 10-1 4
RRL N s
1077 A e Z
~s~5~ % 10—2 4
107° .l 2
S
10711 4 5o 1073 4
10—13 4
1074 5
10715 4 T___)(,_eH

10!

102 103

Degree of Freedoms

10!

Degree of Freedoms

Function Value

(f(@)— f@)” da

fix) vs. Approximations (x €E[107°,1 — 107>])
700

— fix)
—»— FEM
—4— Naive Linear

600 -

500 ~

400 A

300 ~

200 ~

100 4

107 10 1073 102 1071t 10°




Solving the Integro-Differential Equation (1/9)

Change of variable and aliases (a(t) = 5-«a(t) and P, = f P(z)dz):

1

]2

/\

NlP—‘
kh)

dZ—Pof( t)

Coefficients are functions of ¢:

Np

N,
~33 fitte
P

1=1 p=0

Note that we use Zi]iel because ¢/, are preper defined zero region.
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Solving the Integro-Differential Equation (2/9)

Weighted residual for the i-th element and p-th test function:

/ Uy () {afgz,t) —af(t) U %P (g) f(z,1) dzPOf(x,t)} } dz =0
xeS?

T

/W flz,t)dz — a(t /W {/ )f(z,t)dz} dz

xEQ e

v(t) P, / w;xf(x,t)dx:0

et
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Solving the Integro-Differential Equation (3/9)

The 1st and 3rd terms are the same as what we saw in the previous toy problem!

-

S [ Wifdz—a [ Ph(=)

xrc 2t xre 2t

S [ wifdz—a [ Yi(z)

et xreli

& [ wyfde—a [ ()

xe2t xrc i

S [ yYefdz—a [ yYe(a)

el xrcfi

de +aP, [ ¢ifdez=0

e

de+aP, [ lfde=0

el

dz+aP, [ )<fdx=0

el

dz+aP, [ ¢y<fdx=0

el
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Solving the Integro-Differential Equation (4/9)

The 2nd term for the i-th element and p-th test function:

[ vt

/ )f(z t)dz] dz = / e {% / iP(ﬁ)f(z,t)dz} dz

ref2t xeft kzlze!)k
I 2P () vp@eh(z)dzde = [ IP(2)¢@)ér  (s)dzdz| &
— |zen? et f(t)
ZE.Ql ZGQN
o @@ Az ] P ()@l ()dzde]
o xef2 ret f(t>
zef2* zeNe

Note that the integrals are zeros because when z < z},.
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Solving the Integro-Differential Equation (5/9)

[ IP(2)gi(@)¢h(z)dzdz [ 1P (Z)¢h(w)e](z) dzda”
B _ | - o o
YT P () vi()ep(z)dede [ P (%) Yi(2)¢(2) dzde

bt T |

[ LP(D)i@)dh(z)dzde [ LP(2)¢i()4l(2) dzda]
’ [ iP(E)¢i()gh(z)dzde [ 1P (2)¢i(2)¢}(z) dzda

xesf2* reft

2€[z,zt] z€|z,zt]

Note that BP needs special quadrature rules for triangle domains to avoid the
singularity on the diagonal of (z, z)-plane.
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Solving the Integro-Differential Equation (6/9)

_B{D B1,2 B1,3 Bl,Ne_
0 Bf B2,3 B2,Ne
B=|0 0 BY - B3y
| 0 0 By, .

May need more work to make it memory efficient.
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Solving the Integro-Differential Equation (7/9)

Put everything together:
A f(t)— a(t)Bf(t) + a(t) P Af(t) =0
With a naive temporal discretization for now:

fn—}—l o fn+1 N N
AT —&"Bf" + "R Af" =0

Or
Afrtl = [(1 — Ata"P,)A + Ata" B] f*
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Solving the Integro-Differential Equation (8/9)

Apply the global-local transform matrices T and T'':

(TTAT) fi! = [(1 — Ata"P,) (TTAT) + Ata™ (TTBT)| fr
= Agfgﬂ - [(1 - At&nPO)Ag + At&”Bg] f”

If not dealing with million+ of unknowns, just pre-calculate the inverse matrix:

f0— A 'TTh
fril — [(1— AtanPy)L + AtanA,'B | fr
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Solving the Integro-Differential Equation (9/9)

Solution to f(x, t)

0.8 1

Caveats:

0.6 1

o

No solution for verification

No convergence study

fix, t)

(¢]

0.4 1

o

0.2 1

Some parameters by guessing:

(¢} nF = 3
o Q3 ) _
to _ln(AQgD) =0
. . 1
ol o Improper integration for [~ P(z)dz
OjO 012 0j4 016 0j8 1f0
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Near-Future Directions

Vector function of QCFs

o

o

Projecting everything to the space of basis functions!!

(¢]

Higher order basis functions, ¢

o Types of polynomials matter, critical to numerical properties, e.g.,
condition numbers, matrix sparsities, etc.

(¢]

Custom test functions, ¢},
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