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Spectral Analysis
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Planar Classical Fluids
Statistical Mechanics Dynamics

Decaying turbulence Dual cascade in 2D Navier-Stokes

E(k)

4 oo V!

Goldburg et al, Physica A (1997) Kraichnan, Phys Fluids (1967)



Planar Quantum Fluids

Negative Temperature

of the individual vortices has been subtracted. In an unbounded fluid, H has
the form [5, 6]:

1

-

2 kik;logr, ;
(2) )
\

2T s
ry = (X, — @) + (Y. —¥,)?.

The equations of motion (1) still apply when the liquid is restrained by boun-
daries, in which case the Hamiltonian (2) is modified so as to allow for image
forces, and may be constructed in terms of the GREEN’s functions of LAPLACE’S
equation [6].

Now let us consider the liquid enclosed by a boundary, so that the vortices
are confined to an area 4. We note that our dynamical system has some
unusual properties. In effeet, the « and y coordinates of each vortex are
canonical conjugates, so that the phase-space is identical with the configu-
ration-space of the vortices:

(3) dQ == d.’l?ldyl “er dm,,dy,, .

Moreover, this phase-space is finite

) fdQ — ( /‘dwdy)n — A,

v

Onsager, Il Nuovo Cimento (1949)

-5/3 power law in point vortex spectrum

Using (4.2) we get for the energy spectrum from (3.16)
E (k) =xc/bxnik. (4.3)

When energy is transferred from small to large scale
lengths a similarity regime may be established in which,
in particular,

g:(t, r)=g(z) (ro™)~% t=xo0t.

The condition that the integral in (3.16) converges
gives

Yo<ar<<2. (4.4)
Then

E(x, k)=%k"+x’o"“”l‘ (1 ~-°2i)[r(-g—)] g0k (4.5)
where I'(x) is the gamma function. By virtue of (4.4) the
second term in (4.5) is the determining one in the small
wavenumber region. One sees easily that the transfer of
energy from small to large scale lengths correspends to
a decrease of g(7). As g(r) — 0 the spectrum (4.5) goes
over into (4.3). The value a = 75, corresponding to the
"%:-law" for the energy spectrum, lies in the range (4.4).

Novikov, Zh. Eksp. Teor. Fiz (1975)



Quantum Vortices

. Wavefunction y = \/;eig ~ e"
h h

. Globalflow v=—V® =—4~0

m mr

- Energy E ~ log(L)
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- Core scale is healing length
h2
mé?

- Trapped BEC, size L, typically ¢ < L

U =gn=



Vortex structures

Dipole Charge 2 cluster

(\o]

. Localflow |v| ~ 1/r . Global flow |v| ~ 1/r

- Energy E ~ log(d) - Energy E ~ log(L)



Vortices in BEC

1995: BEC@JILA
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Box traps

z —
L —

Gaunt et al, PRL (2013) Navon et al, Nature (2016)

Gauthier et al, Optica (2016)



Onsager Vortex Clusters

Classical Fluid Quantum Fluid
10000000 m 0.0001 m

NS

Vortex Antivortex —

Free

CIuster; .A .A \ Dipole pair

G. Gauthier, M. T. Reeves, X. Yu, A. S. Bradley, M. A. Baker, T. S. P. Johnstone, A. J. Groszek, P. T. Starkey, C. J. Billington,
A. Bell, H. Rubinsztein-Dunlop, M. J. Davis, and T. W. Neely, T. P. Simula, and K. Helmerson,
Giant Vortex Clusters in a Two-Dimensional Quantum Fluid, Evolution of Large-Scale Flow from Turbulence in a Two-

Science 364, 1264 (2019). Dimensional Superfluid, Science 364, 1267 (2019).



Compressible Planar Quantum Fluids

Quantum vortices Compressible excitations

Healing length:  sets finite core size Bogoliubov phonons including long
wavelength sound modes.

Dynamics: point-vortex evolution for
low Mach number flows

Jones-Roberts solitons purely

] _ compressible, carry linear momentum
Dipoles carry linear momentum

V\/;
Clusters carry angular momentum in vortices

Quantum pressure
n




2D Quantum Turbulence
M. T. Reeves et al, PRL (2013).
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JRS-Vortex collision
M. T. Reeves et al, PRL (2013).



Kinetic Energy Spectra

Vortex and Sound Spectra

« Separate hydrodynamic kinetic energy

m

E=—Jdrn|v|2=ﬁjdr|u|2
> 2

« Singular cores: decomposition of u = \/;V

 Helmholtz Decomposition: u = u’ + u¢
e Incompressible V - u‘ =0
« Compressible VXu‘“ =90

Orthogonal in Fourier space.

C. Nore et al, PRL (1997)

1
Eyin (k) = > f k*sin6 d6 d ¢

1 3. irjk;
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Kinetic Energy Spectra ¢ Nore etal PRL (1997)

Vortex and Sound Spectra

« Separate hydrodynamic kinetic energy

m m

E=—[drn|v|2=—Jdr|u|2
2 2

« Singular cores: decomposition of u = \/;V

 Helmholtz Decomposition: u = u’ + u¢
e Incompressible V - u‘ =0
« Compressible VXu‘“ =90

Orthogonal in Fourier space.

Parseval’s theorem: the integrals are equal in
either position or Fourier domain

E=E‘+ E! =? dr|u'(r)| +? dr|u‘(r) |
m o ) m ~cC 2

= — | dk| (k) |" +— | dk | G°(K) |
2 2

Not so for the spectral densities |1%(K) |2

Note that u’ - u¢ # 0, even though @i’ - ¢ = 0.

Relation to total spectrum n(k)?
What about quantum pressure?

What about quantum phase?



Kinetic Energy Spectra

—= C*k&)DB — CctkO)TP - Cke)?

10"
100 |
How to find energy spectrum of vortices? 1071}

1072}

1. Helmholtz decomposition of u = \/IBV in GPE
10t
2. Sum over all points in annulus at | k | to find

E(k), i.e. “Binning”.

100 |
1071}

1072}

Incompressible energy density, E' (NQ&)




Spectral analysis of GPE: binning and beyond?

k

Y

o « (S ENRIN, . . Fourier method

9 cccccloeoseoine

Binning  Eecoiiiiinill &

W ¢ ¢ ¢ ¢ o o o AN Integrate the kernel-weighted

E E E E E E E E E E E E E E two-point correlator

. In k space, sum annulus of (k,, ky) to get E(k).
. Analytically integrate | d€2, to find kernel

- Little choice of k grid for given cartesian data

. _ - Integrate weighted correlation function (FFT)
- Poor resolution at low k, esp in 2D

. : - Total flexibility of k£ range and resolution
- Can’t reuse spectrum for e.g. correlations



Energy spectra and correlations

Two complex vector fields u, v

oo

Inner product (u|v) = J dk {(ul|v)(k)
0

defines spectral density (u||v)(k).
In 3D

2 .
k J'd3r sin(k|r]|) Clu, v](r)

(ul[v)(k) = 2—7[2 kr]

Integrate the kernel-weighted
two-point correlator for each k

But we can choose any k!

A. S. Bradley et al, PRA (2022)

Two-point correlator
Clu, v](r’) = Jd3R(u |IR—r/2){(R+1/2|V)

may be easily computed using at 3D FFT.

Angle-averaged correlator is just an sinc-
weighted integral transform:

G, (r) = L Jd3r’5(r — | r'DClu, v](r)
4

dk
0 r

[oo S vy

A reasonable choice of k gives accurate G(r)



Examples: momentum, kinetic densities

u=v=y, and

N = [ dk (ylly) (k) = J 4rk*n(k)
0 0
also defines the waveaction spectrum
(wlly)(k)
k) = .
(k) 4rk?

The spectral density is

k? sin(k|r]|)

(wlly)(k) = — [d3r Cly, w](r)
272 k|r|

with angle averaged two-point correlator

> sin(kr)

Gy (1) = ‘;) Ir

(wlly) (k)

x g,(r) the first-order field correlation function.

u = v = Vy, related to total kinetic energy by

o
Ekin=2_J dk (V|| Vy)(k)
mJo

and the kinetic energy spectral density

2
ekink) = ——— (V| V) (b

Isotropy is not assumed, rather angular
variation is built into the C integral.



Locally k-space additive decomposition

Retain
1. all quantum phase information
2. quantum pressure

Using the Helmholtz decomposition, define
h L ©

— Vy = (u' + iu° +u)e'’™,

m

where u? = (i/m) V\/ﬁ. Note these are not in
general orthogonal.

i c q
Asusual By, = £, + B, + E’ where

kin —

m
E? = —Jd3r|u“|2,fora e {i,c,q}

Kinetic energy densities

h2
km( )_ =7 <uaez®”uaez®>(k)

retain all quantum phase information, however
the normal semiclassical velocity spectra do not:

2
€lan( ) = 8rk?

(u?|[u®) (k)

k-space additivity an important property of
the first definition is it gives a way to recover
local k-space additivity [at the cost of cross

terms (u%®||[u®e’®)(k)]1, while for second
definition there is no cure.



Summary

a )

Angle-averaged Wiener-Khinchin theorem

[

(W, v) — Quf|v)(k) <= g,,(r)

\_ J

Flexible, accurate power spectra, kinetic densities for compressible quantum fluids



Central vortex
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Vortex Phases

a) Dipole gas b) Plasma c) Clustered (@ 40s.
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Direct Energy Cascade in 3D

Shake a Box of Superfluid Wave Action Spectrum
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N. Navon, A. L. Gaunt, R. P. Smith, and Z. Hadzibabic, Emergence of a turbulent cascade in a quantum gas, Nature 539, 7627 (2016).



Creating steady turbulence

Anisotropic Shaking System
(a) (b)

Box trap: (L,,L,, L) = (40,30,20)¢
Potential height V,, = 30u

Forcing: Vi (r,7) = UFLi sin(wgt)
<

Forcingrange 0.1y < Up < 5u

Dissipation: Atoms have to scale the
walls to energy V,, with dissipation scale

kné =2V, 11 = 1.7

Isotropic Turbulence



Dynamics
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Evolution to steady state

UFZO.Q/L UFZO.G[L UFZ,LL UF=1.5,U UF=3,U

t =0.156s




Vortices in steady state

Dilute surface vortices Dense bulk vortices

Upsu Up 2 21
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Waveaction spectra (no averaging)

Forcing peak

1021~ t=0.078s /
—t=0.312s
—t=1OOS S Jd
100_ - X k,—3.5
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Regimes of energy injection

/ Vortices enter the bulk
’ k 73

k—%)
(d)1.5 . ] T
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0.51 \v I !
1. | |
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00—+ 1 % .
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Uy = 0.8y Ur/ 1

n(k) ~ k="? reported by Navon et al, Nature (2016)



Global phase coherence?

What is happening to the BEC phase?

1
Sinc transform of 47k’n(k) — Gr) = T [dQé(r — |r|)Cly, y](r)

Up/p: —0.0 —0.2 —0.5 1.0 1.5 20 —3.0 —4.0

(a) L. L, L, (b) k-
1.0 20
15-
\Zi 0.51 § 10
\ 5—
0.0- ] ] , , , , , ‘ .
0 5 10 15 20 25 30 35 40 45 0 ]



How to understand -7/3 for strong vortex turbulence?

UF — 3/.L
Up=3u
-~ 104
%
= 10
/‘.:*l
10°-
10 " 10° 10
k&
—n(k) —n'(k) —n(k) —nik)

Inverse particle cascade prediction: for WWT
without a condensate, the Kolmogorov-Zakharov

solution is n(k) ~ k=73 [Y. Zhu et al, PRL (2023)]

We don't see this power law in total 7n(k)!

Hidden WWT IEC?

What is the compressible source at high k? Most
likely vortex-antivortex annihilation generating short
wavelength sound. Indeed, log corrections indicate a
forcing scale of k. ~ 1/¢.

G. Martirosyan, K. Fujimoto, and N. Navon, arXiv:2407.08738
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Motivation

Trapping

| ——
|| —
| —

Challenge in BEC: high resolution density and
velocity (ideally also quantum phase).

® % 10
Very promising approach: particle image e%’—“%w 1’ Q&@@“
velocimetry. What resolutions in time and — ]
DMD

space are possible? %05 0 5 1010 5 0 5

x position (pum)

o
o
o
<
y position (um)
ot

o O

M. Zhao et al, PRL (2025).

Some challenges of BEC can be addressed in
other platforms using analogue quantum fluids.

They have their own challenges!

M. Baker-Rasooli et al, PRL (2025).



Experiment

Rb vapor cell

T=20

M. Baker-Rasooli et al, PRL (2025).

S
7 =100



Basic Idea

Fully exploit space-time mapping of the
nonlinear Schrodinger equation for electric field

iag(r_L,Z) _ V2 kM(
aZ 2n0k0 2

(ru.2)?|E(rL.2)

Overcome limitation of fixed propagation length
(time in NSLE) by tuning the)(3 nonlinearity.

Complete space-time mapping to the 2D GPE

Y= (5T

Extreme high precision for both injecting initial
states, and measuring density and phase of the
analogue quantum fluid

Short time evolution ( ~ 100/u) so focus on fast
physics!

T="T0 7 =100

H0

¥ b .
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~10 v
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Jones-Roberts solitons (JRS)

(b)

U4
. " Dissipation of JRS

’ N. A. Krause and A. S. Bradley, PRA (2024).
0

() Velocity correlations of vortices and JRS
7
s A. S. Bradley and N. A. Krause, arXiv:2502.08930.
2
0

3 o
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“Bad” vortex ansatz

— Rational ansatz
—— Exponential ansatz
— Exact
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Compressible/incompressible correlations

—= R —=Ar Az Ay
1.0 ' :
Extreme precision and resolution for N
experimental spectra using techniques e
described in this talk. gz 0.51
Develop new analytical techniques for 0.0
spectra and velocity correlations, for vortices :
(incompressible) and JRS (compressible). 1.0 (c)
~c Pair
Inject single vortex, vortex dipole, vortex pair, 9% 0.5F i i
JRS, and after evolution, measure velocity n I I
correlations, compare with analytical results. 0.0 |
. l |ILI A T | N Y Y|

10° 10! 102 10 10! 102
M. Baker-Rasooli et al, PRL (2025). 3 3



Summary, Perspectives

Angle-averaged Wiener-Khinchin
Integrate the kernel-weighted two-point correlator
Library: QuantumFluidSpectra.jl

Turbulent BEC

Confirm direct cascade scenario of Navon et al (2016).
Bulk vortices mark onset of strong vortex turbulence

Hidden weak wave IEC in strong vortex turbulence,
forced at the vortex annihilation scale

Quantum Fluids of Light

High resolution compressible fluid dynamics

gfdu(r)
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