
Yang Bai 1

Ultraheavy Magnetic 
Monopole

University of Wisconsin-Madison
Yang Bai

Topological Phases of Matter: From Low to High Energy, March 9



Yang Bai 2

Collaborators

Hong Kong IAS

Sida Lu

arXiv: 2007.03703, 2012.15430, 2111.10360, 2103.06286

Carleton Univ.

Nicholas Orlofsky

UW-Madison

Mrunal Korwar

https://arxiv.org/abs/2007.03703
https://arxiv.org/abs/2012.15430
https://arxiv.org/abs/2111.10360
https://arxiv.org/abs/2103.06286


Yang Bai 3

E

1 eV

100 MeV

100 GeV

1016 GeV
1019 GeV

toric code model, SPT, fractons 
…  

latticed vortices, chiral soliton lattice 
…

difficulty to be produced in a lab, but 
early universe may generate them 

domain walls, cosmic strings, monopoles
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Dirac Monopole 

Dirac (1931) used it explain quantization of electric charge

B = q
h ̂r

4πr2

q = 1

h =
2π
e

≈ 68.5 e

Pierre Curie (1894) proposed the possible existence of 
monopole
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t ‘Hooft-Polyakov Monopole 
Based on spontaneously broken gauge theory: SU(2)/U(1) 

ℒ =
1
2

(DμΦ)2 −
1
4

Tr(FμνFμν) −
λ
4 ( |Φ |2 − f 2)

2

DμΦa = ∂μΦa + g ϵabcAb
μΦc Fa

μν = ∂μAa
ν − ∂νAa

μ + g ϵabc Ab
μ Ac

ν

In the “hedgehog gauge” with   (spherically symmetric)Aa
0 = 0

Φa = ̂ra f ϕ(r)

Equation (22), that far from the origin the gauge
field is

Aa
i ð~rÞ ¼

1

q
Eaij

rj
r2
; ð24Þ

where i and j correspond to directions in real space and
a in the internal space. This solution is an example of a
topological defect or a topological soliton [30]: it is
stable because it is impossible to turn it continuously
into the uniform vacuum state.

Far from the origin, the Higgs field approaches its
vacuum length, which means that f(r) ! 1, and its
direction is almost uniform. However, in order to be
continuous, the field has to go to zero at the origin,
f(0) ¼ 0, and its direction has to vary rapidly around
it, which means that it will have non-zero energy.
Therefore, the hedgehog configuration appears physi-
cally as a lump of energy localised in a small volume
near the origin. Because according to the theory of
relativity, mass is energy, this means that it is

essentially a massive particle. Furthermore, because
the Higgs field vanishes at the origin, the full SO(3)
gauge symmetry is unbroken inside the particle.

However, the most striking result is that the
particle has a magnetic charge. Because electromagnet-
ism is generated by rotations around the Higgs field
vector, one can calculate the magnetic field in the
hedgehog configuration. ’t Hooft found that it is given
by the expression [8]

Bi ¼ EijkĵaFa
jk $

1

q
EijkEabcĵaðDjĵÞbðDkĵÞc; ð25Þ

where ĵa ¼ ja=jjj and

Fa
jk ¼ @jA

a
k $ @kA

a
j þ qEabcAb

j A
c
k: ð26Þ

Substituting the solutions (23) and (24), one finds that
this is just the magnetic field (8) of a monopole with
magnetic charge

g ¼ 4p
q
; ð27Þ

which is twice the minimum allowed by the Dirac
quantisation condition (20). In fact, Equation (25) has
the general topological property that when integrated
over any closed surface, it always gives an integer times
4p/q. According to Equation (15) such an integral is
equal to the magnetic charge inside the surface, and
therefore this means that the magnetic charge is
quantised in any field configuration, not just in the
’t Hooft–Polyakov hedgehog solution.

The mass of these ’t Hooft–Polyakov monopoles
would be roughly 100 GeV, determined by the energy
scale associated with weak nuclear forces. However,
experimental results quickly ruled out the Georgi–
Glashow model as a theory of electroweak unification,
and the successful SU(2) 6 U(1) theory does not
allow similar magnetic monopole solutions.

However, Georgi and Glashow noticed very soon
that their theory could be modified to do something
even more ambitious, namely to unify the electroweak
theory with strong nuclear forces into one Grand
Unified Theory (GUT) [31], which would describe all
known elementary particle forces except gravity (see
Figure 2). They achieved this very elegantly using only
one non-Abelian gauge symmetry known as SU(5),
and two Higgs fields. At very high energies of around
1015 GeV, one of the Higgs fields would break the
GUT symmetry into three pieces, the SU(2) and U(1)
symmetries of the electroweak theory and a further
SU(3) symmetry that describes strong nuclear forces,
and the second Higgs would then play exactly the same
role as in the electroweak theory.

Figure 4. The hedgehog configuration. In the ’t Hooft–
Polyakov monopole solution, the Higgs field vector
(indicated by the arrows) points away from the origin
everywhere and its length approaches the vacuum value v far
from the origin. This configuration cannot be turned
continuously into the uniform vacuum state, so it is
topologically stable. In order for the field to be continuous,
it cannot be in the vacuum state at the origin, and therefore
there is a localised lump of energy (in other words, a particle)
at the origin.
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Aa
i =

1
g

ϵaij ̂r j ( 1 − u(r)
r )

q = 2

triplet
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‘t Hooft-Polyakov Monopole 

Classical equations of motion ( )r̄ ≡ g f r = mW r
d2ϕ
dr̄2

+
2
r̄

dϕ
dr̄

=
2 u2 ϕ

r̄2
+

λ
g2

ϕ (ϕ2 − 1)

d2u
dr̄2

=
u (u2 − 1)

r̄2
+ u ϕ2

Boundary conditions
ϕ(0) = 0 , ϕ(∞) = 1 , u(0) = 1 , u(∞) = 0

Total energy or mass (finite)

Mℳ = ∫ 4 π r2 ( 1
2

Ba
i Ba

i +
1
2

(DiΦa)(DiΦa) + V(Φ))
=

4πf
g ∫ dr̄r̄2 ( r̄2 ϕ′￼2 + 2 u2ϕ2

2 r̄2
+

(1 − u2)2 + 2 r̄2 u′￼2

2 r̄4
+

λ
4g2

(ϕ2 − 1)2)
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‘t Hooft-Polyakov Monopole 
Mℳ ≡

4πf
g

Y(λ/g2) Y(0) = 1 Y(∞) ≈ 1.787

0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

Topological reason: π2[G/U(1)] = π1[U(1)] = ℤ

GUT monopole: SU(5) → SU(3) × SU(2) × U(1)
MGUT

ℳ ∼ 1017 GeV
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Monopole in the Standard Model 
In the SM:  with a Higgs doubletSU(2)W × U(1)Y → U(1)EM

Topological reason:  , no 
finite-energy EW monopole

π2[SU(2)W × U(1)Y /U(1)EW] = 0

In more detail and again making a spherical configuration

H =
v

2
ϕ(r) ξ , ξ = i

sin( θ
2 ) e−i ϕ

−cos( θ
2 )

H† ⃗σ H = −
v2

2
ϕ(r)2 ̂r

as the triplet case

Aa
i =

1
g

ϵaij ̂r j ( 1 − u(r)
r ) SU(2)W

Bi = −
1
gY

(1 − cos θ) ∂iϕ U(1)Y
Nambu, NPB130 (1977) 505

Cho, Maison, hep-th/9601028
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Monopole in the Standard Model 
S = − 4π ∫ dt dr r2 (K + U)

K =
(u′￼)2

g2 r2
+

1
2

v2 (ϕ′￼)2 U =
(u2 − 1)2

2 g2 r4
+

v2 u2 ϕ2

4 r2
+

λh v4

8 (ϕ2 − 1)2 +
1

2 g2
Y r4

The spherical EW monopole has an infinite mass

Nambu’s monopole-anti-monopole dumbbell configuration

Unstable! May be produced at a future collider
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Introduce BSM physics to have a finite-energy monopole

for instance, U(1)Y ⊂ SU(2)R

Or hide the divergent part behind the event horizon of a 
black hole

For the second avenue, no new BSM physics is needed. 
We just need to study the possible states based on

Standard Model + General Relativity
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Black Hole

Credit: EHT Collaboration
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Black Holes
Schwarzschild black hole

ds2 = − (1 −
2 G M

r ) dt2 + (1 −
2 G M

r )
−1

dr2 + r2(dθ2 + sin2 θdϕ2)

Charged or Reissner-Nordstrom (RN) black hole

ds2 = − BRN(r)dt2 + BRN(r)−1dr2 + r2(dθ2 + sin2 θdϕ2)

BRN(r) = 1 −
2 G M

r
+

G(Q2
E e2 + Q2

M h2)
4πr2

The outer horizon radius is

r+ =
(MeBH + M2

eBH − (Q2
E e2 + Q2

M h2)M2
pl /4π)

M2
pl

rH

MeBH =
Q2

Ee2 + Q2
Mh2

4π
Mpl
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Electrically-Charged BH in SM
The charged BH has a large electric field close to the 
event horizon

E =
M3

pl

4π MeBH

> m2
e

The Schwinger effects can generate electrons and 
positrons from vacuum and discharge the eBH

+Q

e+
e−

e+
e−

e+
e−

e+
e−

e+
e−

e+
e− e+

e−
e+
e−

+Q

e+

e−

e+

e− e+e−

e+
e−

e+

e−

e+

e−

e+

e−

e+

e−

for MeBH < 108 M⊙
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Magnetically-Charged BH in SM
Since there is no finite-energy magnetic monopole in the 
SM, no worry about Schwinger discharge

If the GUT exists, it may worry its emission of GUT 
monopole, which is very heavy

QM B(ReBH) =
Q

2 e R2
eBH

≈
e M2

pl

2 π Q

Q ≳ 106
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EW Symmetry Restoration in B Field
In a large B field background, the electroweak symmetry is 
restored Salam and Strathdee, NPB90 (1975) 203

Ambjorn and Olesen, NPB330 (1990) 193

For a large , a negative determinant leads to W-
condensation and electroweak restoration. This happens 
when

|F12 |

e B ≳ m2
h

ℰ ⊃
1
2

|DiWj − DjWi |
2 +

1
4

F2
ij +

1
4

Z2
ij +

1
2

g2φ2WiW†
i + (g2φ2/4 cos2 θW)Z2

i

+ig(Fij sin θW + Zij cos θW)W†
i Wj +

1
2

g2 [(WiW†
i )2 − (W†

i )2(Wj)2]
2

+(∂iφ)2 + λ(φ2 − φ2
0)2

(W†
1 , W†

2 )
1
2 g2φ2

0 i e F12

−i e F12
1
2 g2φ2

0
(W1

W2)
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Electroweak Symmetry Restoration
e B(ReBH) ≳ m2

hB(ReBH) =
Q

2 e R2
eBH

≈
e M2

pl

2 π Q

Electroweak symmetry restoration happens for 

Q ≲ Qmax ≡
e2 M2

pl

2π m2
h

≈ 1.4 × 1032

Lee, Nair, Weinberg, PRD45(1992) 2751
Maldacena, arXiv:2004.06084

For Q=2, one can obtain the spherically symmetric 
configuration

For Q > 2, a non-spherically symmetric configuration is 
anticipated, and requires complicated numerical 
calculations Guth, Weinberg, PRD14(1976) 1660
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Q=2: spherical solution

the convention of (+1,−1,−1,−1) for a flat-space metric. For the matter Lagrangian, we only
include the known SM Lagrangian with focus on the electroweak SU(2)W ×U(1)Y gauge sector

LSM ⊃ LEW = −
1

4
W a

µνW
aµν −

1

4
YµνY

µν + |DµH|2 −
λ

2

(
H†H −

v2

2

)2

, (2)

with v = 246 GeV and λ ≈ 0.26 to have the Higgs boson mass of mh =
√
λ v ≈ 125 GeV [23].

Here, W a
µ with a = 1, 2, 3 are SU(2)W gauge bosons and Yµ is the hypercharge gauge boson.

The gauge field tensors are W a
µν = ∂µW a

ν − ∂νW a
µ − g εabcW b

µW
c
ν and Yµν = ∂µYν − ∂νYµ. The

covariant derivative of the Higgs doublet is

DµH =
(
∂µ − i

g

2
σaW a

µ − i
g
Y

2
Yµ

)
H , (3)

with σa as the Pauli matrices and the two gauge couplings g = e/ sin θW and g
Y
= e/ cos θW

with e =
√
4π α and α ≈ 1/128 at the electroweak scale. Here, θW is the weak mixing angle

with sin θW ≈
√
0.23. The constant term for the Higgs potential is chosen to have a zero value

when the Higgs field sits at the potential minimum 〈H〉 = (0, v/
√
2)T .

For both magnetic and dyonic black holes, we will consider only the Q = 2 magnetic charge in
this paper (we will use Q to label the magnetic charge and q for the electric charge). At a long
distance, the magnetic field is B(r) = QeM r̂/(4πr2) with the magnetic coupling eM = 2π/e
following the Dirac quantization for the minimum charge Q = 1. For Q = 2, we anticipate
a spherically symmetric solution for both magnetic and dyonic black holes. Therefore, we
parametrize the metric as

ds2 = P 2(r)N(r) dt2 −N(r)−1 dr2 − r2 dθ2 − r2 sin2 θ dφ2 , (4)

in the spherical coordinate. For the Einstein-Hilbert action and using integrating by parts that
does not change the later equations of motion, one has (see [24] for a different metric convention)

SE = −
1

16πG

ˆ

d4x
√
−g R = −

1

2G

ˆ

dt dr r P ′(1−N) , (5)

with the prime denoting differentiation with respect to r.
For the matter part and following Ref. [18], we use the following ansatz for a spherical

monopole (or dyon) configuration in the hedgehog gauge 1

H =
v√
2
ρ(r) ξ , ξ = i

(
sin ( θ2) e

−iφ

− cos ( θ2)

)
, (6)

W a
i = εaij

rj

r2

(
1− f(r)

g

)
, W a

0 = −
v

g
w(r)

ra

r
, (7)

Yi = −
1

g
Y

(1− cos θ) ∂iφ , Y0 = −
v

g
Y

y(r) . (8)

1The topological argument for the existence of this configure is provided in Ref. [18]: π2(CP
1) = π2(S2) = Z.

For the Higgs doublet H = (H1, H2)T with H1H∗

1 +H2H∗

2 = v2/2, the vacuum manifold in the pure scalar sector
is S3 with π2(S3) = 0. However, given the U(1)Y gauge freedom, one could make a gauge rotation to make one
of the two complex fields H1,2 real. As a result, the manifold has a lower dimension and is isomorphic to S2.

2

the convention of (+1,−1,−1,−1) for a flat-space metric. For the matter Lagrangian, we only
include the known SM Lagrangian with focus on the electroweak SU(2)W ×U(1)Y gauge sector

LSM ⊃ LEW = −
1

4
W a

µνW
aµν −

1

4
YµνY

µν + |DµH|2 −
λ

2

(
H†H −

v2

2

)2

, (2)

with v = 246 GeV and λ ≈ 0.26 to have the Higgs boson mass of mh =
√
λ v ≈ 125 GeV [23].

Here, W a
µ with a = 1, 2, 3 are SU(2)W gauge bosons and Yµ is the hypercharge gauge boson.

The gauge field tensors are W a
µν = ∂µW a

ν − ∂νW a
µ − g εabcW b

µW
c
ν and Yµν = ∂µYν − ∂νYµ. The

covariant derivative of the Higgs doublet is

DµH =
(
∂µ − i

g

2
σaW a

µ − i
g
Y

2
Yµ

)
H , (3)

with σa as the Pauli matrices and the two gauge couplings g = e/ sin θW and g
Y
= e/ cos θW

with e =
√
4π α and α ≈ 1/128 at the electroweak scale. Here, θW is the weak mixing angle

with sin θW ≈
√
0.23. The constant term for the Higgs potential is chosen to have a zero value

when the Higgs field sits at the potential minimum 〈H〉 = (0, v/
√
2)T .

For both magnetic and dyonic black holes, we will consider only the Q = 2 magnetic charge in
this paper (we will use Q to label the magnetic charge and q for the electric charge). At a long
distance, the magnetic field is B(r) = QeM r̂/(4πr2) with the magnetic coupling eM = 2π/e
following the Dirac quantization for the minimum charge Q = 1. For Q = 2, we anticipate
a spherically symmetric solution for both magnetic and dyonic black holes. Therefore, we
parametrize the metric as

ds2 = P 2(r)N(r) dt2 −N(r)−1 dr2 − r2 dθ2 − r2 sin2 θ dφ2 , (4)

in the spherical coordinate. For the Einstein-Hilbert action and using integrating by parts that
does not change the later equations of motion, one has (see [24] for a different metric convention)

SE = −
1

16πG

ˆ

d4x
√
−g R = −

1

2G

ˆ

dt dr r P ′(1−N) , (5)

with the prime denoting differentiation with respect to r.
For the matter part and following Ref. [18], we use the following ansatz for a spherical

monopole (or dyon) configuration in the hedgehog gauge 1

H =
v√
2
ρ(r) ξ , ξ = i

(
sin ( θ2) e

−iφ

− cos ( θ2)

)
, (6)

W a
i = εaij

rj

r2

(
1− f(r)

g

)
, W a

0 = −
v

g
w(r)

ra

r
, (7)

Yi = −
1

g
Y

(1− cos θ) ∂iφ , Y0 = −
v

g
Y

y(r) . (8)

1The topological argument for the existence of this configure is provided in Ref. [18]: π2(CP
1) = π2(S2) = Z.

For the Higgs doublet H = (H1, H2)T with H1H∗

1 +H2H∗

2 = v2/2, the vacuum manifold in the pure scalar sector
is S3 with π2(S3) = 0. However, given the U(1)Y gauge freedom, one could make a gauge rotation to make one
of the two complex fields H1,2 real. As a result, the manifold has a lower dimension and is isomorphic to S2.

2

Variating the summed action SE + Smatter with respect to P (r) and N(r), the two Einstein
equations are given by

N ′ =
1−N

r
− 8πGr

(
U +N K +

K0

P 2
+

U0

P 2N

)
, (14)

P ′ = 8πGr

(
P K +

U0

P N2

)
. (15)

Variating the action with respect to the matter fields f(r), ρ(r), w(r) and y(r), one has the
following four matter equations of motion

(P N f ′)′ = P

[
f(f 2 − 1)

r2
+

g2

4
v2 f ρ2

]
−

v2 f w2

P N
, (16)

(
r2 P N ρ′

)′
=

1

2
P ρ f 2 +

λ v2

2
r2 P ρ(ρ2 − 1)−

v2

4P N
r2 ρ (w − y)2 , (17)

(
r2 P−1w′)′ =

2

P N
f 2w +

g2 v2

4P N
r2 ρ2 (w − y) , (18)

(
r2 P−1 y′

)′
=

g2
Y
v2

4P N
r2 ρ2 (y − w) . (19)

3 Hairy magnetic black holes

3.1 Masses and profiles

For the magnetic black holes, existing papers have mainly studied the SU(2)-gauge theory
case [6, 7, 9–12]. Here, we focus on the SM electroweak SU(2)W × U(1)Y Lagrangian with our
knowledge of the SM Higgs boson mass or the quartic coupling λ [15, 16]. The equations of
motion can be obtained from Eqs. (14)(15)(16)(17) by setting w(r) = y(r) = 0. We are looking
for solutions with the existence of a horizon rH . Defining

N(r) = 1 −
2GF (r)

r
+

4 πG

g2
Y
r2

, (20)

we have the asymptotic mass of the system to be M = F (∞). Substituting Eq. (15) with
P ′/P = 8πGrK into Eqs. (16)(17), we have three equations for three fields F (r) [or N(r) via
(20)], f(r), ρ(r)

F ′ = 4π r2 (U1 +N K) , (21)

(N f ′)′ + 8πGrN f ′ K =
f(f 2 − 1)

r2
+

g2

4
v2 f ρ2 , (22)

(
r2N ρ′

)′
+ 8πGr3N ρ′ K =

1

2
ρ f 2 +

λ v2

2
r2 ρ(ρ2 − 1) . (23)

Noting that the 1/r2 term introduced in (20) is to have the equation of motion for F (r) contain
U1 without the last 1/r4 term in U [see (13)].

4

The asymptotic mass of the system has 

M = F(∞)

Noting that ξ† "σξ = −"r/r, so H†"σH has been treated as a triplet under SU(2)W as the simple
SU(2) monopole case [20, 21]. Here, the index “i” for W a

i and Yi is the Cartesian coordinate
index. There are totally four dimensionless functions ρ(r), f(r), w(r) and y(r) to describe
the Higgs and gauge field profiles. For the purely magnetic black hole case, one simply sets
w(r) = y(r) = 0. One can perform an SU(2)W gauge transformation to change from the
hedgehog gauge to the unitary gauge

ξ −→ Uξ =

(
0

1

)

with U = −i

(
cos ( θ2) sin ( θ2) e

−iφ

sin ( θ2) e
iφ − cos ( θ2)

)

. (9)

In the unitary gauge and after rotating the neutral gauge fields from the basis (Yµ,W 3
µ) to the

photon and Z boson basis (Aµ, Zµ), one has

Aµ = −e v

[
1

g2
w(r) +

1

g2
Y

y(r)

]
∂µt−

1

e
(1− cos θ) ∂µ φ , (10)

Zµ =
e

g g
Y

v [y(r)− w(r)] ∂µt . (11)

Note that ∂0t = 1 and ∂it = 0. Again, for the purely magnetic black hole case with w(r) =
y(r) = 0, there is no Z boson profile.

Substituting the ansatz profiles into the matter action, one has

Smatter ⊃
ˆ

d4x
√
−gLEW

= −4π

ˆ

dt dr r2
[
P (r)N(r)K+ P (r)U − P (r)−1K0 − P (r)−1N(r)−1 U0

]
, (12)

with

K =
v2 ρ′2

2
+

f ′2

g2 r2
,

U =
v2 f 2 ρ2

4 r2
+

(1− f 2)2

2 g2 r4
+

λ

8
v4 (ρ2 − 1)2 +

1

2 g2
Y
r4

≡ U1 +
1

2 g2
Y
r4

,

K0 =
v2w′2

2 g2
+

v2 y′2

2 g2
Y

,

U0 =
v2w2 f 2

g2 r2
+

v4 (w − y)2 ρ2

8
. (13)

The above formulas agree with Ref. [25] for the magnetic case with w = y = 0. Note that the
term 1/(2 g2

Y
r4) in U has infinite energy for the magnetic monopole without a black hole in the

core [18, 19, 25]. This is another manifestation that the SM electroweak sector by itself does
not admit a finite-energy magnetic monopole. Existence of a black hole event horizon can make
the energy of the total system finite [10, 12].

3
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Q=2: spherical solutionthe convention of (+1,−1,−1,−1) for a flat-space metric. For the matter Lagrangian, we only
include the known SM Lagrangian with focus on the electroweak SU(2)W ×U(1)Y gauge sector

LSM ⊃ LEW = −
1

4
W a

µνW
aµν −

1

4
YµνY

µν + |DµH|2 −
λ

2

(
H†H −

v2

2

)2

, (2)

with v = 246 GeV and λ ≈ 0.26 to have the Higgs boson mass of mh =
√
λ v ≈ 125 GeV [23].

Here, W a
µ with a = 1, 2, 3 are SU(2)W gauge bosons and Yµ is the hypercharge gauge boson.

The gauge field tensors are W a
µν = ∂µW a

ν − ∂νW a
µ − g εabcW b

µW
c
ν and Yµν = ∂µYν − ∂νYµ. The

covariant derivative of the Higgs doublet is

DµH =
(
∂µ − i

g

2
σaW a

µ − i
g
Y

2
Yµ

)
H , (3)

with σa as the Pauli matrices and the two gauge couplings g = e/ sin θW and g
Y
= e/ cos θW

with e =
√
4π α and α ≈ 1/128 at the electroweak scale. Here, θW is the weak mixing angle

with sin θW ≈
√
0.23. The constant term for the Higgs potential is chosen to have a zero value

when the Higgs field sits at the potential minimum 〈H〉 = (0, v/
√
2)T .

For both magnetic and dyonic black holes, we will consider only the Q = 2 magnetic charge in
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2

Change from the hedgehog gauge to the unitary gauge

Noting that ξ† "σξ = −"r/r, so H†"σH has been treated as a triplet under SU(2)W as the simple
SU(2) monopole case [20, 21]. Here, the index “i” for W a

i and Yi is the Cartesian coordinate
index. There are totally four dimensionless functions ρ(r), f(r), w(r) and y(r) to describe
the Higgs and gauge field profiles. For the purely magnetic black hole case, one simply sets
w(r) = y(r) = 0. One can perform an SU(2)W gauge transformation to change from the
hedgehog gauge to the unitary gauge

ξ −→ Uξ =

(
0

1

)

with U = −i

(
cos ( θ2) sin ( θ2) e

−iφ

sin ( θ2) e
iφ − cos ( θ2)

)

. (9)

In the unitary gauge and after rotating the neutral gauge fields from the basis (Yµ,W 3
µ) to the

photon and Z boson basis (Aµ, Zµ), one has

Aµ = −e v

[
1

g2
w(r) +

1

g2
Y

y(r)

]
∂µt−

1

e
(1− cos θ) ∂µ φ , (10)

Zµ =
e

g g
Y

v [y(r)− w(r)] ∂µt . (11)

Note that ∂0t = 1 and ∂it = 0. Again, for the purely magnetic black hole case with w(r) =
y(r) = 0, there is no Z boson profile.

Substituting the ansatz profiles into the matter action, one has

Smatter ⊃
ˆ

d4x
√
−gLEW

= −4π

ˆ

dt dr r2
[
P (r)N(r)K+ P (r)U − P (r)−1K0 − P (r)−1N(r)−1 U0

]
, (12)

with

K =
v2 ρ′2

2
+

f ′2

g2 r2
,

U =
v2 f 2 ρ2

4 r2
+

(1− f 2)2

2 g2 r4
+

λ

8
v4 (ρ2 − 1)2 +

1

2 g2
Y
r4

≡ U1 +
1

2 g2
Y
r4

,

K0 =
v2w′2

2 g2
+

v2 y′2

2 g2
Y

,

U0 =
v2w2 f 2

g2 r2
+

v4 (w − y)2 ρ2

8
. (13)

The above formulas agree with Ref. [25] for the magnetic case with w = y = 0. Note that the
term 1/(2 g2

Y
r4) in U has infinite energy for the magnetic monopole without a black hole in the

core [18, 19, 25]. This is another manifestation that the SM electroweak sector by itself does
not admit a finite-energy magnetic monopole. Existence of a black hole event horizon can make
the energy of the total system finite [10, 12].

3

Aμ = −
1
e

(1 − cos θW)∂μϕ

Zμ = 0
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Q=2: EOMs and BCs
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In the unitary gauge and after rotating the neutral gauge fields from the basis (Yµ,W 3
µ) to the

photon and Z boson basis (Aµ, Zµ), one has

Aµ = −e v

[
1

g2
w(r) +

1

g2
Y

y(r)

]
∂µt−

1

e
(1− cos θ) ∂µ φ , (10)

Zµ =
e

g g
Y

v [y(r)− w(r)] ∂µt . (11)

Note that ∂0t = 1 and ∂it = 0. Again, for the purely magnetic black hole case with w(r) =
y(r) = 0, there is no Z boson profile.
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Smatter ⊃
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d4x
√
−gLEW
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ˆ

dt dr r2
[
P (r)N(r)K+ P (r)U − P (r)−1K0 − P (r)−1N(r)−1 U0
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, (12)

with

K =
v2 ρ′2

2
+

f ′2

g2 r2
,

U =
v2 f 2 ρ2

4 r2
+

(1− f 2)2

2 g2 r4
+

λ

8
v4 (ρ2 − 1)2 +

1

2 g2
Y
r4

≡ U1 +
1

2 g2
Y
r4

,

K0 =
v2w′2

2 g2
+

v2 y′2

2 g2
Y

,

U0 =
v2w2 f 2

g2 r2
+

v4 (w − y)2 ρ2

8
. (13)
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Variating the summed action SE + Smatter with respect to P (r) and N(r), the two Einstein
equations are given by

N ′ =
1−N

r
− 8πGr

(
U +N K +

K0

P 2
+

U0

P 2N

)
, (14)

P ′ = 8πGr

(
P K +

U0

P N2

)
. (15)

Variating the action with respect to the matter fields f(r), ρ(r), w(r) and y(r), one has the
following four matter equations of motion

(P N f ′)′ = P

[
f(f 2 − 1)

r2
+

g2

4
v2 f ρ2

]
−

v2 f w2

P N
, (16)

(
r2 P N ρ′

)′
=

1

2
P ρ f 2 +

λ v2

2
r2 P ρ(ρ2 − 1)−

v2

4P N
r2 ρ (w − y)2 , (17)

(
r2 P−1w′)′ =

2

P N
f 2w +

g2 v2

4P N
r2 ρ2 (w − y) , (18)

(
r2 P−1 y′

)′
=

g2
Y
v2

4P N
r2 ρ2 (y − w) . (19)

3 Hairy magnetic black holes

3.1 Masses and profiles

For the magnetic black holes, existing papers have mainly studied the SU(2)-gauge theory
case [6, 7, 9–12]. Here, we focus on the SM electroweak SU(2)W × U(1)Y Lagrangian with our
knowledge of the SM Higgs boson mass or the quartic coupling λ [15, 16]. The equations of
motion can be obtained from Eqs. (14)(15)(16)(17) by setting w(r) = y(r) = 0. We are looking
for solutions with the existence of a horizon rH . Defining

N(r) = 1 −
2GF (r)

r
+

4 πG

g2
Y
r2

, (20)

we have the asymptotic mass of the system to be M = F (∞). Substituting Eq. (15) with
P ′/P = 8πGrK into Eqs. (16)(17), we have three equations for three fields F (r) [or N(r) via
(20)], f(r), ρ(r)

F ′ = 4π r2 (U1 +N K) , (21)

(N f ′)′ + 8πGrN f ′ K =
f(f 2 − 1)

r2
+

g2

4
v2 f ρ2 , (22)

(
r2N ρ′

)′
+ 8πGr3N ρ′ K =

1

2
ρ f 2 +

λ v2

2
r2 ρ(ρ2 − 1) . (23)

Noting that the 1/r2 term introduced in (20) is to have the equation of motion for F (r) contain
U1 without the last 1/r4 term in U [see (13)].

4

At the event horizon with N(rH) = 0, one has

F (rH) =
rH
2G

+
2π

g2
Y
rH

≥
√
4π√
Gg

Y

= cW

√
4π√
Ge

≡ cW MRN
eBH , (24)

with cW ≡ cos θW and the extremal RN black hole mass MRN
eBH ≡

√
4πMpl/e. Using (20)(21),

we obtain a boundary condition

N ′ =
1

r
− 8πGrU , at r = rH . (25)

From (22)(23), one has two more mixed BC’s that are

N ′ f ′ =
f(f 2 − 1)

r2
+

g2

4
v2 f ρ2 , at r = rH , (26)

N ′ ρ′ =
1

2

f 2 ρ

r2
+

λ v2

2
ρ(ρ2 − 1) , at r = rH . (27)

Together with the two BC’s at infinity, f(∞) = 0 and ρ(∞) = 1, there are totally five BC’s that
are required for the equations in (21)(22)(23).

Before we solve these equations, we first discuss the ordinary RN black hole solution, for
which f(r) = 0 and ρ(r) = 1. Solving (21), one has a simple solution for F (r) as

F (r) = M −
2π

g2 r
. (28)

With the solution of P (r) = 1 to have an asymptotically flat metric, this matches the RN metric

P 2(r)N(r) = N(r) = 1−
2GM

r
+

4πG

g2 r2
+

4πG

g2
Y
r2

= 1−
2GM

r
+

4πG

e2 r2
. (29)

The outer horizon is at

rH ≡ r+ = M G +
√
M2 G2 − 4πG/e2 , (30)

provided that M ≥ MRN
eBH =

√
4πMpl/e. Inverting the above relation, one has

MRN
BH =

rH
2G

+
2π

e2 rH
. (31)

For the extremal case, one has rmin
H = rmin

+ =
√
4π/(eMpl).

Coming back to the hairy magnetic black holes, there exist constraints on the horizon rH if
one makes a few plausible assumptions: N ′(rH) ≥ 0, f(r) is a monotonically decreasing function
outside the horizon, while ρ(r) is a monotonically increasing function. The requirement of
N ′(rH) ≥ 0 means 1/rH > 8πGrH U(rH) from (25). For small rH , one has U(rH) ≈ 1/(2g2

Y
r4H),

so the lower bound on rH is

rH ≥ rmin
H ≡

√
4πG

g
Y

= cW

√
4π

eMpl
, (32)
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Q=2: solutions
Setting  and , one has the ordinary RN 
magnetic black hole solution 

f(r) = 0 ρ(r) = 1

At the event horizon with N(rH) = 0, one has
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2GM
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+
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e2 r2
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The outer horizon is at

rH ≡ r+ = M G +
√
M2 G2 − 4πG/e2 , (30)

provided that M ≥ MRN
eBH =

√
4πMpl/e. Inverting the above relation, one has

MRN
BH =

rH
2G

+
2π

e2 rH
. (31)

For the extremal case, one has rmin
H = rmin

+ =
√
4π/(eMpl).

Coming back to the hairy magnetic black holes, there exist constraints on the horizon rH if
one makes a few plausible assumptions: N ′(rH) ≥ 0, f(r) is a monotonically decreasing function
outside the horizon, while ρ(r) is a monotonically increasing function. The requirement of
N ′(rH) ≥ 0 means 1/rH > 8πGrH U(rH) from (25). For small rH , one has U(rH) ≈ 1/(2g2

Y
r4H),

so the lower bound on rH is

rH ≥ rmin
H ≡

√
4πG

g
Y

= cW

√
4π

eMpl
, (32)
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which is smaller than the extremal RN black hole horizon radius by a factor of cW . Applying
those assumptions to the BC’s in (26)(27), one has

λ v2 r2H
[
1− ρ2(rH)

]
< f 2(rH) < 1−

g2 v2 r2H
4

ρ2(rH) , (33)

1−
f 2(rH)

λ v2 r2H
< ρ2(rH) <

4

g2 v2 r2H

[
1− f 2(rH)

]
. (34)

For the SM with g = e/sW ≈ 0.65 and λ = 0.26 such that g2 < 4λ and using the fact that both
f(rH) and g(rH) are within zero and one, the upper bound on rH is

rH ≤
2

g v
=

1

mW
≈ 2.5× 10−3 fm , (35)

which is the characteristic radius of the monopole.
To calculate the mass of the hairy black holes, we integrate (21) to obtain

F (r) =

ˆ r

rH

dr′ e−K(r′,r) 4π r′2
[
K(r′) + U1(r

′) +
4πG

g2
Y
r′2

K(r′)

]
+ e−K(rH ,r) F (rH) , (36)

where the new function is defined as

K(r′, r) ≡ 8πG

ˆ r

r′
dr′′K(r′′) r′′ . (37)

Given that Gv2 & 1, the exponential, e−K(r′,r) = 1 + O(Gv2). Ignoring the terms equal to or
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The first integration term can be thought as the outside hair contribution to the total system
mass. In the limit of rH & 1/mW , the integration is dominated by the region with r′ ∼ 1/mW .
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Q=2: profiles
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Figure 1: Profiles as a function of r for the SM hairy magnetic black holes. Left: the horizon
rH = cW

√
4π/(eMpl) for an extremal black hole. Right: a larger horizon with rH = 0.15/mW

with the Higgs vacuum expectation value (VEV) profile ρ(r) to be half-restored at the horizon.
Not shown here is the profile for P (r), which is approximately one because of P ′/P = O(Gv2)
and P (∞) = 1.

first integration term in (38), the hairy magnetic black hole with Q = 2 for rH # 1/mW has a
mass

MhMBH ≈
rH
2G

+
2π

g2
Y
rH

+ 0.75×
4π v

g
=

rH
2G

+
2π c2W
e2 rH

+ 0.75×
2π v2

mW
(42)

≥ cW

√
4πMpl

e
+ 0.75×

2π v2

mW
= (1.2× 1020 + 3.6× 103) GeV . (43)

Obviously, the hair part of the system contributes negligibly to the total mass. The upper mass
of a Q = 2 hairy magnetic black hole is

MhMBH ≤ Mmax
hMBH =

1

2GmW
+O(mW ) ≈ 9.3× 1035 GeV . (44)

Numerically solving the equations of motion with the BC’s, we show two representative
profiles in Fig. 1. In the left panel with rH = rmin

H corresponding to the extremal case, the
black hole sits well inside the hairy cloud. Around the event horizon, the Higgs VEV is very
close to zero and the electroweak symmetry is almost completely restored. 2 For potentially
phenomenological applications, we also provide numerically fitted functions for both f(r) and
ρ(r), that are good approximation for r > 0.1m−1

W ,

f(r) ≈
0.495mW r

sinh (1.1mW r)
+

1.265mW r

sinh (2.3mW r)
, (45)

ρ(r) ≈
(
coth

[
86 (mW r)1.2

]
−

1

86 (mW r)1.2

)(
1− 0.51 e−1.82mW r

)
. (46)

2This is subject to corrections from the QCD condensation induced electroweak symmetry breaking.

7

extremal hMBH

MehMBH ≈ cos θW
4π Mpl

e
+ 0.75 ×

2π v2

mW
= (1.2 × 1020 + 3.6 × 103) GeV

The electroweak symmetry is restored inside 
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Q=2: profiles
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Figure 1: Profiles as a function of r for the SM hairy magnetic black holes. Left: the horizon
rH = cW

√
4π/(eMpl) for an extremal black hole. Right: a larger horizon with rH = 0.15/mW

with the Higgs vacuum expectation value (VEV) profile ρ(r) to be half-restored at the horizon.
Not shown here is the profile for P (r), which is approximately one because of P ′/P = O(Gv2)
and P (∞) = 1.
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2This is subject to corrections from the QCD condensation induced electroweak symmetry breaking.
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2This is subject to corrections from the QCD condensation induced electroweak symmetry breaking.
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Q>2: non-spherical

QM

v ≈ 0
v = 246 GeV

cW = cos ✓W ⇡ 0.88, ✓W is the Weinberg angle of the SM, and MM ' 4⇡mW/e2 is the spher-
ically symmetric monopole mass (again, assuming such a monopole was admissible in the SM
symmetry group). The factor of cW appears because the EW symmetry is restored near the
event horizon, so the BH carries magnetic hypercharge 2⇡Q/gY = cW2⇡Q/e, with gY the hy-
percharge coupling constant. Its mass is bounded from above by requiring the mass not be
larger than that of a BH with radius REW. For a large Q, the corona boundary is anticipated to
be non-spherical, and the mass M⇤• must be above cWMRN

eBH
plus the non-spherical Q-charged

monopole mass MM(Q) [9]. The shape has not been worked out in detail, but may be expected
to contain spiky features where vortex strings end on monopoles [10], which we denoted using
subscript⇤•.

We now give a more precise estimate for the mass. Including the contributions from both
the hypercharged BH mass and the positive vacuum energy of the unbroken EW symmetry,
m2

h v
2/8, the EWS-corona BH mass is estimated to be

M tot

MeBH
(Q) ' cW

p
⇡Q

e
Mpl +

4⇡

3
R3

EW

m2

h v
2

8
= cW

p
⇡Q

e
Mpl +

⇡

12
p
2
Q3/2 v2

mh
(8)

⌘ M⇤•(Q) +
⇡

12
p
2
Q3/2 v2

mh
, (9)

defining M⇤•(Q) = cW MRN

eBH
. Here, we have ignored the energy contributions from the transition

boundary from symmetry-unbroken to broken regions as well as the non-sphericity of the corona
configuration. We anticipate that those corrections are small in the limit of 1 ⌧ Q ⌧ Qmax.
The second term, which comes from the energy density of the corona, is only important when
Q & 288c2W/(⇡e2)(Mplmh/v2)2 ⇡ 5⇥ 1035 � Qmax, so we will generally neglect it.

However, it is easy to see that M tot

MeBH
(2Q) > 2M tot

MeBH
(Q) due to the presence of the second

term, so energetically it is preferable for an MeBH with a large charge to split into smaller
MeBHs. Although the large-charged MeBH is metastable, its lifetime can be longer than the
age of the Universe for Q & Qmin ' 106 given the existence of a GUT monopole with mass
MGUT

M
⇠ 1017 GeV [10]. This is a stronger condition than in (5). This metastability is in

agreement with the weak gravity conjecture [30]: the non-gravitational interaction is stronger
than the gravitational one. The range of viable charges Qmin . Q . Qmax corresponds to a
mass range

6⇥ 1025 GeV . M⇤• . 9⇥ 1051 GeV . (10)

For reference, the mass of the Earth is M� = 6.0⇥ 1027 g = 3.4⇥ 1051 GeV.

2.2 Non-extremal magnetic black holes

Non-extremal BHs are also relevant for phenomenology. They appear, e.g., after mergers of
oppositely charged PMBH or absorption of baryons by PMBHs. For these cases, the BH mass
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2d Modes
For non-extremal BH, the Hawking temperature is

MBH > M⇤•, so the BH has a non-zero Hawking temperature given by

T (MBH,M⇤•) =
M2

pl

2⇡

q
M2

BH
�M2

⇤•
⇣
MBH +

q
M2

BH
�M2

⇤•
⌘2

. (11)

Here and elsewhere, M⇤• is taken to mean only the mass contribution from the BH and not the
corona as in (9).

For a non-extremal PMBH with an EWS corona, the Hawking radiation inside the corona is
e↵ectively made up of 2d modes (see Appendix A) leading to a radiated power [10, 31]

P2 =
dE

dt
=

⇡ g⇤
24

T 2(MBH,M⇤•) . (12)

Here, g⇤ counts the number of left- and right-handed 2d modes using the hypercharges of chiral
fermions. For instance, g⇤ = |Q| for qL, `L, dR, eR (the left handed quark, lepton doublets, right
handed down quark, and electron of the SM) and g⇤ = 2|Q| for uR (the right handed up quark).
In the high-temperature limit, the total g⇤ = 6|Q| for one family of SM fermions and g⇤ = 18|Q|

for three families. We emphasize that the 2d Hawking radiation only applies to fermions here
(for spin-zero particles, the 2d modes are massive with a mass proportional to

p
qeB(ReBH),

with q the particle’s charge; for spin-one particles, the magnetic flux generates a negative mass
and induces gauge boson condensation), so no photon modes with a large multiplicity |Q| are
anticipated. Furthermore, not all of those fermion modes can travel outside of the EWS corona
and be observed at a distant location. Electric-charged fermions can e↵ectively travel to infinity
if their energy is above their mass in the normal vacuum. Heavier particle emission with mass
m > T is suppressed by a Boltzmann factor of e�m/T . For instance, when me . T . mµ, only
electrons can e�ciently be 2d Hawking radiated and travel to infinity, and g⇤ = 2|Q| after taking
into account both chiralities.

Neutrinos do not have an electric charge and thus do not have Q-enhanced massless 2d
modes outside the EWS corona. The 2d Hawking-radiated O(Q) neutrino modes around the
event horizon are not able to freely travel outside the EWS corona (see Appendix A for more
discussion). The characteristic energy barrier is O[

p
eB(REW)] = O(mh). For T (MBH,M⇤•) &

mh (which can be satisfied for Q . Mpl/mh and MBH not too close to M⇤•), there are many
other Q-enhanced modes for charged leptons and quarks, which can escape the EWS corona
and directly (or after hadronization) decay into neutrinos.

When T (MBH,M⇤•) . me, the previous 2d radiation is suppressed. The region within the
EWS corona will be heated to the Hawking temperature of the BH. Both thermal photon and
neutrino modes are stored in this region. As a result, the 4d blackbody radiation on the boundary
of the EWS corona could be important and has radiated power

P4 =
dE

dt
⇡

⇡2 g⇤
120

(4⇡R2

EW
)T 4(MBH,M⇤•) , (13)

with g⇤ = 2 for photon and g⇤ = 3 ⇥ 2 ⇥
7

8
= 21

4
for three chiral neutrinos. Eq. (13) is only

valid for T (MBH,M⇤•) . me. For a higher temperature, the radiated 2d modes can escape the

6

In the existence of magnetic field, the massless 2d modes 
exist for a Dirac 4D massless fermion

the Dirac equation /De� = m� e� becomes

h
�y
@� � iA�

sin ✓
+ �x

✓
@✓ +

cot ✓

2

◆i
⌘ = 0 , (86)

(i�x@t + �y@x) = m� e
� . (87)

Eq. (86) can be solved exactly with the solution for Q > 0 given as [105]

⌘1 = 0 , (88)

⌘2 =

✓
sin

✓

2

◆j�m ✓
cos

✓

2

◆j+m

eim� =
(1� cos ✓)

q�m
2 (1 + cos ✓)

q+m
2

2q�
1
2 (sin ✓)

1
2

eim� , (89)

with j = (|Q|�1)/2 ⌘ q�1/2 and �j  m  j. For Q < 0, one can switch ⌘1 $ ⌘2. For Q = 0,
there is no solution. If m� = 0, there are Q two-dimensional massless spinor modes. The forms
of ⌘1 or ⌘2 depend on the gauge choice. If we choose a di↵erent gauge with A� = Q

2
(1� cos ✓),

the solution for Q > 0 is

⌘1 =

✓
sin

✓

2

◆j+m ✓
cos

✓

2

◆j�m

ei(q+m)� =
(1� cos ✓)

q+m
2 (1 + cos ✓)

q�m
2

2q�
1
2 (sin ✓)

1
2

ei(q+m)� , (90)

⌘2 = 0 . (91)

The solution for ⌘1,2 is related to the spin-weighted spherical harmonics or the monopole
harmonics qYlm with l = q ⌘ |Q|/2 [107, 108], which is given by

qYq,m(✓,�) = Mq,q,m
(�1)q+m(2q)!

2q+m(q +m)!(q �m)!
(1� cos ✓)

(q+m)
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where the normalization factor Mq,q,m = 2m[(2q+1)(q�m)!(q+m)!/(4⇡(2q)!)]1/2 [108]. For the
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As a consistency check, we can compare the result in (85) with ⌘1,2 given by (90) and (91)
with the results of Ref. [109], which discusses a similar problem neglecting the curvature of
spacetime due to the monopole. The solution using the gamma matrices in the spinor basis via
(83) is
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disruption (see, e.g., [102, 103]). Alternatively, binaries may form in galactic halos, but the
merger rate from this population of binaries is smaller than the merger rate of primordially-
formed binaries [104].

To conclude, PMBHs are interesting long-lived objects that require no new physics beyond
the SM and general relativity. We have outlined many search strategies and shown the PMBH
abundance is already relatively constrained compared to dark matter. Nevertheless, they re-
main an interesting target for future searches. In particular, PMBH mergers or baryon number
violating processes o↵er the possibility to detect Hawking radiation. Furthermore, this Hawking
radiation would be emitted as 2d modes from the electroweak-symmetric corona, whose spec-
trum may be di↵erentiated from ordinary 4d Hawking radiation. If a signal is observed, this
distinction could provide strong evidence for the PMBH interpretation.
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A Dirac equations and 2d modes

In this section, we follow Ref. [105] to discuss the solutions to the Dirac equation in a background
BH geometry and magnetic field. Rather than only considering the massless case in [105], we
also keep the fermion mass in our discussion. For a general metric in spherical coordinates,

ds2 = e2�(t,x)
�
�dt2 + dx2

�
+R2(t, x)

�
d✓2 + sin2 ✓ d�2

�
, (81)

and A� = Q
2
cos ✓. For extremal BHs, the above metric is related to the one in the ordinary

spherical coordinate in (1) by

dx =
dr

f(r)
, e2�(t,x) = f(r) ⌘ (1�Re/r)

2 , R(t, x) = r . (82)

Choosing the gamma matrices in the spinor representation [106],

e�0 = i�x ⌦ I2 , e�1 = �y ⌦ I2 , e�2 = �z ⌦ �x , e�3 = �z ⌦ �y , (83)

the four-dimensional spinors can be written as a tensor product of two dimensional spinors
e�↵� =  ↵ ⌦ ⌘�.

The Dirac operator in the bi-spinor representation is

/D = e��
h
i�x

✓
@t +

�̇

2

◆
+ �y

✓
@x +

�0

2
+

R0

R

◆i
⌦ I2 +

�z
R

⌦

h
�y
@� � iA�

sin ✓
+ �x

✓
@✓ +

cot ✓

2

◆i
.(84)

Here, �̇ = @�/@t, �0 = @�/@x and R0 = @R/@x. Using the ansatz with separation of variables
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disruption (see, e.g., [102, 103]). Alternatively, binaries may form in galactic halos, but the
merger rate from this population of binaries is smaller than the merger rate of primordially-
formed binaries [104].

To conclude, PMBHs are interesting long-lived objects that require no new physics beyond
the SM and general relativity. We have outlined many search strategies and shown the PMBH
abundance is already relatively constrained compared to dark matter. Nevertheless, they re-
main an interesting target for future searches. In particular, PMBH mergers or baryon number
violating processes o↵er the possibility to detect Hawking radiation. Furthermore, this Hawking
radiation would be emitted as 2d modes from the electroweak-symmetric corona, whose spec-
trum may be di↵erentiated from ordinary 4d Hawking radiation. If a signal is observed, this
distinction could provide strong evidence for the PMBH interpretation.
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the Dirac equation /De� = m� e� becomes
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Eq. (86) can be solved exactly with the solution for Q > 0 given as [105]
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with j = (|Q|�1)/2 ⌘ q�1/2 and �j  m  j. For Q < 0, one can switch ⌘1 $ ⌘2. For Q = 0,
there is no solution. If m� = 0, there are Q two-dimensional massless spinor modes. The forms
of ⌘1 or ⌘2 depend on the gauge choice. If we choose a di↵erent gauge with A� = Q
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⌘2 = 0 . (91)

The solution for ⌘1,2 is related to the spin-weighted spherical harmonics or the monopole
harmonics qYlm with l = q ⌘ |Q|/2 [107, 108], which is given by
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where the normalization factor Mq,q,m = 2m[(2q+1)(q�m)!(q+m)!/(4⇡(2q)!)]1/2 [108]. For the
gauge choice of A� = Q
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As a consistency check, we can compare the result in (85) with ⌘1,2 given by (90) and (91)
with the results of Ref. [109], which discusses a similar problem neglecting the curvature of
spacetime due to the monopole. The solution using the gamma matrices in the spinor basis via
(83) is
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disruption (see, e.g., [102, 103]). Alternatively, binaries may form in galactic halos, but the
merger rate from this population of binaries is smaller than the merger rate of primordially-
formed binaries [104].

To conclude, PMBHs are interesting long-lived objects that require no new physics beyond
the SM and general relativity. We have outlined many search strategies and shown the PMBH
abundance is already relatively constrained compared to dark matter. Nevertheless, they re-
main an interesting target for future searches. In particular, PMBH mergers or baryon number
violating processes o↵er the possibility to detect Hawking radiation. Furthermore, this Hawking
radiation would be emitted as 2d modes from the electroweak-symmetric corona, whose spec-
trum may be di↵erentiated from ordinary 4d Hawking radiation. If a signal is observed, this
distinction could provide strong evidence for the PMBH interpretation.
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disruption (see, e.g., [102, 103]). Alternatively, binaries may form in galactic halos, but the
merger rate from this population of binaries is smaller than the merger rate of primordially-
formed binaries [104].
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violating processes o↵er the possibility to detect Hawking radiation. Furthermore, this Hawking
radiation would be emitted as 2d modes from the electroweak-symmetric corona, whose spec-
trum may be di↵erentiated from ordinary 4d Hawking radiation. If a signal is observed, this
distinction could provide strong evidence for the PMBH interpretation.
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In this section, we follow Ref. [105] to discuss the solutions to the Dirac equation in a background
BH geometry and magnetic field. Rather than only considering the massless case in [105], we
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2d fermion
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2d Modes
Solutions for Q > 0, 

the Dirac equation /De� = m� e� becomes
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Eq. (86) can be solved exactly with the solution for Q > 0 given as [105]
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with j = (|Q|�1)/2 ⌘ q�1/2 and �j  m  j. For Q < 0, one can switch ⌘1 $ ⌘2. For Q = 0,
there is no solution. If m� = 0, there are Q two-dimensional massless spinor modes. The forms
of ⌘1 or ⌘2 depend on the gauge choice. If we choose a di↵erent gauge with A� = Q
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⌘2 = 0 . (91)

The solution for ⌘1,2 is related to the spin-weighted spherical harmonics or the monopole
harmonics qYlm with l = q ⌘ |Q|/2 [107, 108], which is given by

qYq,m(✓,�) = Mq,q,m
(�1)q+m(2q)!

2q+m(q +m)!(q �m)!
(1� cos ✓)

(q+m)
2 (1 + cos ✓)

(q�m)
2 ei(q+m)� , (92)

where the normalization factor Mq,q,m = 2m[(2q+1)(q�m)!(q+m)!/(4⇡(2q)!)]1/2 [108]. For the
gauge choice of A� = Q
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As a consistency check, we can compare the result in (85) with ⌘1,2 given by (90) and (91)
with the results of Ref. [109], which discusses a similar problem neglecting the curvature of
spacetime due to the monopole. The solution using the gamma matrices in the spinor basis via
(83) is
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there is no solution. If m� = 0, there are Q two-dimensional massless spinor modes. The forms
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The solution for ⌘1,2 is related to the spin-weighted spherical harmonics or the monopole
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As a consistency check, we can compare the result in (85) with ⌘1,2 given by (90) and (91)
with the results of Ref. [109], which discusses a similar problem neglecting the curvature of
spacetime due to the monopole. The solution using the gamma matrices in the spinor basis via
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There are |Q| massless modes for mχ = 0

Maldacena, arXiv:2004.06084

 ∝ qYq,−m(θ, ϕ)
Kazama, Yang, Goldhaber, ’1977

total  2d modes Q
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2d Hawking radiation
Fermions are massless (ignoring QCD vacuum) inside the 
EW-corona region

MBH > M⇤•, so the BH has a non-zero Hawking temperature given by

T (MBH,M⇤•) =
M2

pl

2⇡

q
M2

BH
�M2

⇤•
⇣
MBH +

q
M2

BH
�M2

⇤•
⌘2

. (11)

Here and elsewhere, M⇤• is taken to mean only the mass contribution from the BH and not the
corona as in (9).

For a non-extremal PMBH with an EWS corona, the Hawking radiation inside the corona is
e↵ectively made up of 2d modes (see Appendix A) leading to a radiated power [10, 31]

P2 =
dE

dt
=

⇡ g⇤
24

T 2(MBH,M⇤•) . (12)

Here, g⇤ counts the number of left- and right-handed 2d modes using the hypercharges of chiral
fermions. For instance, g⇤ = |Q| for qL, `L, dR, eR (the left handed quark, lepton doublets, right
handed down quark, and electron of the SM) and g⇤ = 2|Q| for uR (the right handed up quark).
In the high-temperature limit, the total g⇤ = 6|Q| for one family of SM fermions and g⇤ = 18|Q|

for three families. We emphasize that the 2d Hawking radiation only applies to fermions here
(for spin-zero particles, the 2d modes are massive with a mass proportional to

p
qeB(ReBH),

with q the particle’s charge; for spin-one particles, the magnetic flux generates a negative mass
and induces gauge boson condensation), so no photon modes with a large multiplicity |Q| are
anticipated. Furthermore, not all of those fermion modes can travel outside of the EWS corona
and be observed at a distant location. Electric-charged fermions can e↵ectively travel to infinity
if their energy is above their mass in the normal vacuum. Heavier particle emission with mass
m > T is suppressed by a Boltzmann factor of e�m/T . For instance, when me . T . mµ, only
electrons can e�ciently be 2d Hawking radiated and travel to infinity, and g⇤ = 2|Q| after taking
into account both chiralities.

Neutrinos do not have an electric charge and thus do not have Q-enhanced massless 2d
modes outside the EWS corona. The 2d Hawking-radiated O(Q) neutrino modes around the
event horizon are not able to freely travel outside the EWS corona (see Appendix A for more
discussion). The characteristic energy barrier is O[

p
eB(REW)] = O(mh). For T (MBH,M⇤•) &

mh (which can be satisfied for Q . Mpl/mh and MBH not too close to M⇤•), there are many
other Q-enhanced modes for charged leptons and quarks, which can escape the EWS corona
and directly (or after hadronization) decay into neutrinos.

When T (MBH,M⇤•) . me, the previous 2d radiation is suppressed. The region within the
EWS corona will be heated to the Hawking temperature of the BH. Both thermal photon and
neutrino modes are stored in this region. As a result, the 4d blackbody radiation on the boundary
of the EWS corona could be important and has radiated power

P4 =
dE

dt
⇡

⇡2 g⇤
120

(4⇡R2

EW
)T 4(MBH,M⇤•) , (13)

with g⇤ = 2 for photon and g⇤ = 3 ⇥ 2 ⇥
7

8
= 21

4
for three chiral neutrinos. Eq. (13) is only

valid for T (MBH,M⇤•) . me. For a higher temperature, the radiated 2d modes can escape the
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For high T, for three-family fermionsg* = 18 |Q |

The 2d radiation is very fast; it reaches extremal very 
quickly

QM

U(1)Y

U(1)EM

• 2d neutrino modes can not 
escape

• EM charged states can 
travel outside of coronas
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2d Hawking radiation

For the 2d radiation is suppressed. The 4D 
radiation dominants

T < me,

MBH > M⇤•, so the BH has a non-zero Hawking temperature given by

T (MBH,M⇤•) =
M2

pl

2⇡

q
M2

BH
�M2

⇤•
⇣
MBH +

q
M2

BH
�M2

⇤•
⌘2

. (11)

Here and elsewhere, M⇤• is taken to mean only the mass contribution from the BH and not the
corona as in (9).

For a non-extremal PMBH with an EWS corona, the Hawking radiation inside the corona is
e↵ectively made up of 2d modes (see Appendix A) leading to a radiated power [10, 31]

P2 =
dE

dt
=

⇡ g⇤
24

T 2(MBH,M⇤•) . (12)

Here, g⇤ counts the number of left- and right-handed 2d modes using the hypercharges of chiral
fermions. For instance, g⇤ = |Q| for qL, `L, dR, eR (the left handed quark, lepton doublets, right
handed down quark, and electron of the SM) and g⇤ = 2|Q| for uR (the right handed up quark).
In the high-temperature limit, the total g⇤ = 6|Q| for one family of SM fermions and g⇤ = 18|Q|

for three families. We emphasize that the 2d Hawking radiation only applies to fermions here
(for spin-zero particles, the 2d modes are massive with a mass proportional to

p
qeB(ReBH),

with q the particle’s charge; for spin-one particles, the magnetic flux generates a negative mass
and induces gauge boson condensation), so no photon modes with a large multiplicity |Q| are
anticipated. Furthermore, not all of those fermion modes can travel outside of the EWS corona
and be observed at a distant location. Electric-charged fermions can e↵ectively travel to infinity
if their energy is above their mass in the normal vacuum. Heavier particle emission with mass
m > T is suppressed by a Boltzmann factor of e�m/T . For instance, when me . T . mµ, only
electrons can e�ciently be 2d Hawking radiated and travel to infinity, and g⇤ = 2|Q| after taking
into account both chiralities.
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discussion). The characteristic energy barrier is O[

p
eB(REW)] = O(mh). For T (MBH,M⇤•) &

mh (which can be satisfied for Q . Mpl/mh and MBH not too close to M⇤•), there are many
other Q-enhanced modes for charged leptons and quarks, which can escape the EWS corona
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When T (MBH,M⇤•) . me, the previous 2d radiation is suppressed. The region within the
EWS corona will be heated to the Hawking temperature of the BH. Both thermal photon and
neutrino modes are stored in this region. As a result, the 4d blackbody radiation on the boundary
of the EWS corona could be important and has radiated power
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with  for photon and  for neutrinosg* = 2 g* = 21/4

For the 2d radiation usually dominants over 4DT > me,

applies to GUT monopoles [34–38]. Another interesting possibility, left for future work, is that
the BNV process could facilitate baryogenesis.

For the case of PMBH absorption of baryons, the resulting BH mass is close to the extremal
mass. In the limit of MBH �M⇤• ⌧ M⇤•, the Hawking temperature is

TBH '
M2

pl
p
2 ⇡

p
MBH �M⇤•
M3/2

⇤•
. (17)

For the 2d evaporation process to occur, TBH & me or MBH �M⇤• & 2⇡2m2

eM
3

⇤•/M
4

pl
⇡ (2.5 ⇥

10�4)mpM3

26
. For example, when even a single proton is absorbed (MBH �M⇤• ' mp), the 2d

evaporation process occurs for M⇤• . 1027 GeV, resulting in a prompt BNV process. PMBHs
with larger masses must absorb many baryons before reemitting via 2d modes. This may occur,
e.g., in dense environments like stars. Using the 2d radiation in (12) with g⇤ = 2|Q|, the fast 2d
evaporation time scale is

⌧BH ⇡

24⇡3/2 cW M2

⇤•
eM3

pl

log

"
M4

pl
(MBH �M⇤•)
2⇡2 m2

e M
3

⇤•

#
. (18)

After this time scale, the BH follows the slow 4d evaporation process.

3 Parker limits from Milky Way and Andromeda galaxies

The Parker bound arises from the requirement that domains of coherent magnetic field are not
drained by magnetic monopoles [39]. If a monopole transits such a domain, it will be accelerated
by the magnetic field and drain its energy. Thus, the energy loss to monopoles must be slower
than the time it takes for the fields to be regenerated. To simplify our discussion, we will ignore
the subleading second term in (9) for Q ⌧ Qmax and take M⇤•/Q = cW

p
⇡Mpl/e ⇡ 5.1Mpl.

Compared to a GUT monopole with Q = 1, a PMBH has a much larger mass-to-charge ratio.
We now compare the PMBH flux to the various Parker-type bounds, updated to include charge
dependence where necessary.

Assuming that PMBHs account for a faction f⇤• of all dark matter energy density and has
an averaged speed v, the flux is

F⇤• ⇡ (9.5⇥ 10�21 cm�2sr�1s�1) f⇤•
✓
1026 GeV

M⇤•

◆⇣ ⇢DM

0.4 GeV cm�3

⌘⇣ v

10�3

⌘
. (19)

For the local dark matter density in our solar system, we use ⇢local ⇡ 0.4 GeV cm�3 [40] and
virial velocity v ⇡ 10�3 [41].

We follow the treatment of Ref. [42], but include the Q-dependence in hQ and M⇤•. First, a
monopole can be accelerated in a coherent magnetic field to reach a speed

vmag ' min

"
1,

s
2B hQ `c

M⇤•

#
' 4⇥ 10�5

p
`21B3 , (20)

8

shorter than the 4D time scale by a factor of Mpl/MBH
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Primordial MBHs ?
There are various ways to form primordial black holes

Large primordial fluctuations

Phase transitions, boson stars, ……

Produce large number of monopoles and anti-monopoles 
(maybe Nambu’s dumbbell configurations)

The formation of black holes eat totally  objectsN

Anticipate the net BH magnetic charge: ∼ N

To be studied more

YB, Orlofsky, arXiv: 1906.04858
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Gravity could bind monopole charges together: 

M
q

∼ Mpl

Can we have a large-charge magnetic monopole object 
with different relation between M and q?

++

The forces from gauge boson and scalar are only 
cancelled in the BPS limit. Otherwise, they repel each 
other.
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Q-ball
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pressure
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pressure
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Q-Monopole-Ball

+
+

+
+

+

YB, Lu, Orlofsky, arXiv: 2111.10360
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Non-topological Soliton
For a complex scalar field with an unbroken global 
symmetry, there exist nondissipative solutions of the 
classical field equations that are absolute minima of the 
energy for a fixed (sufficiently large) Q. 

This will be a non-renormalizable potential for a single 
field

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.00
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|ϕ|

V(
ϕ)

U(ϕ)=
1

2
|ϕ 2[(1-|ϕ 2)2+0.1]

Q-ball state sits 
in a local vacuum 

Coleman, ’1985
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Q-Monopole-Ball
A Lagrangian provides a soliton state carrying both 
topological and non-topological charges

ℒ = |∂μS |2 +
1
2

(Dμϕa)2 −
1
4

Fa
μνFaμν − V(S, ϕ)

V(S, ϕ) =
1
8

λϕ(ϕaϕa − v2)2 +
1
2

λϕS |S |2 (ϕaϕa) + λs |S |4 + M2
S,0 |S |2

The state can have charge (q, Q). For q=2, we can perform a 
detailed calculation for a spherical configuration

The symmetry has                                  . The gauge group is 
chosen for simple calculation. One could extend it to a more 
realistic gauge group with the right topology

[SU(2)/U(1)] × U(1)S
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Profiles of Solutions (large Q)
q = 2,Q ≫ 1

� �� �� �� �� �� ��

�

���

�

���

The total mass and size are dominated by Q-ball properties

The magnetic field spreads and follows the Q-ball radius, 
which is a reduction of magnetic energy for this system
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Large Magnetic Charge (q >> 1)
Again, non-spherically configurations are needed

3 Multiply magnetically charged QMBs (q > 2)

We can extend the conclusions from the analysis of singly magnetically charged Q-balls to those
with higher magnetic charges. It is well-known that spherical solutions for monopoles do not
exist above unit monopole charge [18]. Thus, we cannot easily apply the numerical methods of
Section 2 to this case. Nevertheless, we can make similar analytic approximations to argue for
the stability of certain multiply charged configurations.

The case that most easily admits higher monopole charges is the case where the Q-ball radius
is much larger than that of an isolated monopole. Then, as described in Sec. 2.2, the QMB state
can be thought of as a monopole bound inside a Q-ball. This modifies the energy in two ways.
First, there is a vacuum energy savings because the interiors of both the monopole and Q-ball
have � = 0, which contributes to the vacuum energy in each system (when �� > 0). The volume
of the QMB is smaller than the sum of the volumes of the isolated monopole and Q-ball, so the
total vacuum energy is less for a QMB [so far this only argues that QMB < Q-ball+monopole,
but not for multiple magnetic charge]. [We expect that adding additional monopoles to a QMB
also has a negligible e↵ect on the QMB radius, as long as q is not too large compared to Q that
it significantly backreacts on the s field in the equations of motion.] Second, there is a change
to the energy contained in the magnetic field. An isolated monopole’s magnetic field energy is
proportional to v/e. Once a monopole is bound inside a Q-ball, the magnetic charge spreads
out throughout the QMB’s volume (see the profile for a in Fig. 1 right panel). Thus, the energy
contained in the field is proportional to v/(e2rb) as in (24). As a result, there is a reduction
of the magnetic field energy when a single monopole (with characteristic radius r ⇠ e

�1 for
a(r)) is trapped in a larger-radius Q-ball with radius rb > e

�1. This argument remains true
as the monopole charge q of the Q-ball increases, with the energy in the magnetic field going
proportional to q

2
v/(e2rb). Only once q is very large can the magnetic field energy of the (q,Q)

state be larger than the magnetic field energy for separated (2, 0) + (q � 2, Q) states. Thus,
q-charged magnetic Q-balls should be stable up until some maximum value for q.

To be a bit more quantitative, we can generalize the approximation for the QMB mass in
(24) to arbitrary magnetic charge q as

M(q,Q) ⇠
304⇡v(q/2)2

35e2rb
+

4⇡

3
r
3

b
v

✓
1

4
�Ss

4

0
+

1

8
�� +

1

2
⌦2

s
2

0

◆
. (39)

While this does not capture the full non-spherical structure of the solution, it should give a
reasonable approximation in the Q, rb � 1 limit. In this limit, the first term is negligible as we
noted previously, and the other terms set rb, s0, and M as a function of Q as in (27–29).

The first term of (41) can be thought of as the energy contained in the magnetic field B

generated by the bound monopoles, or roughly
R
d
3
xB

2
/2. Using the notation from Eqs. (3–5),

in order for the bound (q,Q) state to be stable against decay to (q,Q) ! (q � 2, Q) + (2, 0),
there is an upper bound on q as

q . 1 +
35

76
e rb Y ⇡ 35(3/⇡)1/3

76⇥ 25/12
e Y

�
1/12

S

�
1/4

�

Q
1/3

, (40)

where in the last step we have substituted (27), which is only valid when both ��,�S > 0. The
other possible decay channel to (q/2) ⇥ (2, 0) + (0, Q) is less important, having a larger upper
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For a large Q, the Q-ball can contain 
more monopole charges

energy from magnetic field

3 Multiply magnetically charged QMBs (q > 2)

We can extend the conclusions from the analysis of singly magnetically charged Q-balls to those
with higher magnetic charges. It is well-known that spherical solutions for monopoles do not
exist above unit monopole charge [18]. Thus, we cannot easily apply the numerical methods of
Section 2 to this case. Nevertheless, we can make similar analytic approximations to argue for
the stability of certain multiply charged configurations.

The case that most easily admits higher monopole charges is the case where the Q-ball radius
is much larger than that of an isolated monopole. Then, as described in Sec. 2.2, the QMB state
can be thought of as a monopole bound inside a Q-ball. This modifies the energy in two ways.
First, there is a vacuum energy savings because the interiors of both the monopole and Q-ball
have � = 0, which contributes to the vacuum energy in each system (when �� > 0). The volume
of the QMB is smaller than the sum of the volumes of the isolated monopole and Q-ball, so the
total vacuum energy is less for a QMB [so far this only argues that QMB < Q-ball+monopole,
but not for multiple magnetic charge]. [We expect that adding additional monopoles to a QMB
also has a negligible e↵ect on the QMB radius, as long as q is not too large compared to Q that
it significantly backreacts on the s field in the equations of motion.] Second, there is a change
to the energy contained in the magnetic field. An isolated monopole’s magnetic field energy is
proportional to v/e. Once a monopole is bound inside a Q-ball, the magnetic charge spreads
out throughout the QMB’s volume (see the profile for a in Fig. 1 right panel). Thus, the energy
contained in the field is proportional to v/(e2rb) as in (24). As a result, there is a reduction
of the magnetic field energy when a single monopole (with characteristic radius r ⇠ e

�1 for
a(r)) is trapped in a larger-radius Q-ball with radius rb > e

�1. This argument remains true
as the monopole charge q of the Q-ball increases, with the energy in the magnetic field going
proportional to q
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v/(e2rb). Only once q is very large can the magnetic field energy of the (q,Q)

state be larger than the magnetic field energy for separated (2, 0) + (q � 2, Q) states. Thus,
q-charged magnetic Q-balls should be stable up until some maximum value for q.

To be a bit more quantitative, we can generalize the approximation for the QMB mass in
(24) to arbitrary magnetic charge q as
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While this does not capture the full non-spherical structure of the solution, it should give a
reasonable approximation in the Q, rb � 1 limit. In this limit, the first term is negligible as we
noted previously, and the other terms set rb, s0, and M as a function of Q as in (27–29).

The first term of (41) can be thought of as the energy contained in the magnetic field B

generated by the bound monopoles, or roughly
R
d
3
xB

2
/2. Using the notation from Eqs. (3–5),

in order for the bound (q,Q) state to be stable against decay to (q,Q) ! (q � 2, Q) + (2, 0),
there is an upper bound on q as
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where in the last step we have substituted (27), which is only valid when both ��,�S > 0. The
other possible decay channel to (q/2) ⇥ (2, 0) + (0, Q) is less important, having a larger upper
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Requiring it to be stable against the decay of 

q ≲ e
λ1/12

S

λ1/4
ϕ

Q1/3 M(q,Q) ≳
λϕ

e3
q3v
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Searching for ultraheavy monopoles
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Magnetic Monopoles Inside Earth?
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Monopole Moment of Earth 
Magnetic Field

2 Measuring the monopole moment

2.1 Measuring magnetic charges via Gauss’s law

For a single object or a group of objects with a total magnetic charge of Q at the center of
the Earth, the Earth’s magnetic field has a monopole moment of Bm(r) = Qh

4⇡ r2 r̂ = Q
2 e r2 r̂,

where e =
p
4⇡↵ with ↵ ⇡ 1/137 as the fine-structure constant and h = 2⇡/e ⇡ 68.5 e ⇡ 21

is the magnetic coupling. Q = 1 is the minimal magnetic charge, corresponding to the Dirac

quantization condition with e h = 2⇡ [1]. Numerically, Bm ⇡ 0.082 nT ⇥

⇣
R�
r

⌘2 �
Q

1019

�
, where

R� ⇡ 6371.2 km is the average radius of the Earth. For comparison, the measured Earth surface
intensity has a magnitude of up to ⇡ 65000 nT.

To measure the magnetic charge, one could adopt Gauss’s law
¸

B(r) · dA = Qh. This
requires a full-sky measurement of the magnetic vector field. For convenience, one could choose
the manifold to be a sphere of radius R centered on Earth. Then, dA = R2 n̂ d⌦ with n̂ as a
unit surface vector pointing outward and d⌦ = sin ✓d✓d� in spherical coordinates. For magnetic
monopole objects, Bm ⌘

1
4⇡

¸
Bm(r, ✓,�) · n̂ d⌦ = Qh 1

4⇡R2 . Here, we have defined a solid-
angle averaged magnetic field B, which is simply the amplitude of the monopole magnetic field
at radius R. Its sign matches the sign of the magnetic charge. All higher multiple moments
beyond Bm do not contribute to B.

In practice, the measurement of magnetic field is not performed at a uniform radius—the
Swarm satellite orbits have a variation of O(1%) during one orbit and decay over time. Thus,
it is not possible to integrate the magnetic flux along a perfectly spherical closed manifold, and
the surface’s normal vector n̂ will not match the radial coordinate unit vector r̂. So, a numerical
integration of

´
B(r, ✓,�) · r̂ d⌦ will not be zero, even in the absence of a monopole term (for

Swarm’s orbital parameters, B ' �70 nT; see the Supplemental Material). To suppress this
measurement-induced dipole contribution, we use the following modified Gauss law to measure
the magnetic field from the monopole charge

B =
1

4⇡

ˆ 
r(✓,�)

Rref

�3
B(r, ✓,�) · r̂ d⌦ . (1)

Here, r(✓,�) is the radius of the magnetic measurement at di↵erent angular directions and Rref

is a fixed reference radius. For the dipole component, this is formally equivalent to integrating
on a perfectly spherical surface at r = Rref, so n̂ = r̂ and the dipole component contributes
zero to the above quantity. Note that the Earth’s higher-moment magnetic fields have non-zero
contributions to the quantity B because the the higher moments scale with higher powers of r.
For instance, the quadrupole moment has a magnitude of O(10%) of the dipole moment, and
contributes around 0.5 nT for B using Swarm’s orbit. Therefore, the r3 scaling in Eq. (1) is
practically useful to improve the sensitivity of searching for the monopole moment because it
reduces contributions to B from the dipole and higher moments while preserving the monopole
signal.

2

Using Gauss law to search for monopoles

2 Measuring the monopole moment

2.1 Measuring magnetic charges via Gauss’s law

For a single object or a group of objects with a total magnetic charge of Q at the center of
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on a perfectly spherical surface at r = Rref, so n̂ = r̂ and the dipole component contributes
zero to the above quantity. Note that the Earth’s higher-moment magnetic fields have non-zero
contributions to the quantity B because the the higher moments scale with higher powers of r.
For instance, the quadrupole moment has a magnitude of O(10%) of the dipole moment, and
contributes around 0.5 nT for B using Swarm’s orbit. Therefore, the r3 scaling in Eq. (1) is
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Monopole Moment of Earth 
Magnetic Field
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Figure 1: Average value and error of B in 180-day bins using 2� angular patch size covering the
time period from 1 Feb 2014 to 29 June 2020. Data from Swarm A and B were incorporated,
with the selection criteria Kp 6 3. In the top panel, the blue and yellow lines indicate the
contribution from the core’s dipole and higher moments, respectively, to the model prediction,
with the shaded bands giving their errors. The hatched regions show the total model predictions
with errors. Data are shown by black points. In the lower panel, the di↵erences between the
data and model are shown, and the dashed line indicates the mean. All error bars are 1� and
include only statistical error.

and e the electric coupling constant. A magnetic black hole has q 6 1 (saturated to equality in
the extremal limit) and M > Mpl. Because magnetic black holes can e�ciently Hawking radiate
into electrons if their temperature is su�ciently large, they satisfy q ⇠ 1 whenever M . 1017 g
[7, 12, 15], but can take on any q 6 1 at larger masses. Conversely, a monopole particle has
q > 1 according to the weak gravity conjecture [26]. While a GUT monopole with Q = 2 and
mass M ' 1017 GeV/c2 has q ' 1300, a gravitating composite monopole object with a large
magnetic charge could have much larger mass with both small and large q [27]. Therefore, we
treat q and M as free model parameters to set limits.

The capture rate of magnetic monopoles is estimated to be Ccap ⇡ ⇡R2
� 4⇡ F . Here, F ⇡

(1.7 ⇥ 10�33 cm�2sr�1s�1) f (1015 g/M) is the magnetic monopole flux with v ⇡ 10�3 c the
averaged speed for a heavy monopole bounded in our galaxy and f = ⇢/(0.4GeV cm�3) the

7

|Bm(r = R⊕) | < 0.13 nT

or |Qnet | < 1.6 × 1019

YB, Lu, Orlofsky, 2103.06286 
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Conclusions

40

Magnetic black holes with  have electroweak-
symmetric coronas

Q < 1032

It has a fast 2d Hawking radiation rate and can reach the 
extremal state quickly

The existence of such objects only requires the known 
physics, SM+GR, and they deserve more studies

Q-Monopole-Ball serves as another example to have a large 
magnetically-charged object
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Thanks!

41
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Monopole Moment of Earth 
Magnetic Field
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Figure 2: Bounds on the local energy density of magnetic monopoles as a fraction of the local
dark matter density. Black shaded is the bound from the Earth’s magnetic monopole moment,
bounding Earth’s net magnetic charge by Qmax = 1.6 ⇥ 1019. Green is the M31 Parker bound
[12]. Solid is q = 1, while dashed is q = 0.1. To the left of the gray dashed line, magnetic black
holes must be close to the stable extremal state (q ⇠ 1), though other magnetically charged
objects with di↵erent q could exist.

local monopole energy density ⇢ as a fraction of the local dark matter density [12]. 3 Using
the Earth’s lifetime ⌧� ⇡ 1.4 ⇥ 1017 s, the number of captured monopoles is N = Ccap ⌧� ⇡

3800 f (1015 g/M). When N � 1, the net charge of captured monopoles is Qnet '
p
NQ.

Thus, the constraint Qnet < Qmax can be expressed as a limit on the local density of monopoles:
f . 8.8⇥10�4 q�2 [Qmax/(1.6⇥1019)]2 [1015 g/M ], valid in the regime f & 2.6⇥10�4 [M/(1015 g)].
This is depicted in Fig. 2. Also shown is the Parker bound [28, 29] derived from M31 in [12],
f . 6⇥ 10�3 q�2, which disappears when q < 0.08. The limit presented here is complimentary
to other limits—for example from gas heating and white dwarf destruction [15]—in that it is a
direct measurement as opposed to an inference from di�cult-to-model astrophysical systems.

3
All magnetic black holes incident on Earth with the large charges and masses considered here will be cap-

tured [12].
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