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Lattice QCD computations of proton decay matrix elements 



Proton Decay Matrix Elements  project in PACS 
collaboration

Members:


• Eigo Shintani             (Tsukuba)

• Ryutaro Tsuji             (KEK)

• Yoshinobu Kuramashi (Tsukuba)

• YA


using PACS Wilson configurations on physical-mass ud, s quarks

  V=644    L=5.5 fm

  1/a=2.3 GeV

  a = 0.08 fm
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• expected from GUTs
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• New experiments are under preparation
• HyperKamiokande    in Japan

• ~ x5 V  of SuperKamiokande 

• DUNE    (Deep Underground Neutrino Experiment)   in USA
• Liquid Argon

• sensitivity to Kaon
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•    

• yields a decay: baryon → meson + anti-lepton 

• a convenient parametrization using 2 form factors [JLQCD 2000] 

• partial width
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QCD matrix element of nucleon decay
  

indirect method: LO approximation of W0 in ChPT: Claudson, Wise, Hall, 1982 

direct method: calculates the form factor W0 of p→PS matrix elements directly 

comparison given later...

� = R,L

f : pion decay constant
D + F = gA : nucleon axial charge

⇥�0|(ud)�uL|p⇤ = PL[W0 �
i/q

mp
W1]up

W0[⇥⇥0|(ud)RuL|p⇤] � �⇧
2f

(1 + D + F )

W0[⇥⇥0|(ud)LuL|p⇤] � �⇧
2f

(1 + D + F )
M. Claudson et al. / Chiral lagrangian 303 

/ / 

. . t  m 4" I " ~  I v m m 
P e P e + 

• . --.* 0 + + . . . .  0 Fig. 1. Feynman diagrams contributing to the p ~" e and p~ ne amphtudes. Isospm violating rl-lr 
mixing is neglected. 

antilepton. We expand these amplitudes to lowest order in momenta*.  Therefore,  
only tree level Feynman diagrams need be computed  using the chiral lagranglan 

(18) 

with ~o,  ~x  and ~ IABI=x given in eqs. (9), (10) and (16) respectively. Terms with 
more  derivatives and /o r  factors of the quark mass matrix are neglected. Of course, 
we work only to first order  in .o97 laBl=l. Note  that eq. (16) uses 2-component  notation 
for the spin ½ fields while eqs. (9) and (10) use 4 -component  notation. 

As our first example,  we consider the ratio of the rates for the two-body modes 
p-~zr°e + and p ~ r / e  + when gauge boson exchange dominates.  Calculating the 
Feynman diagrams in fig. 1, we find that 

F(p_ .~ /e  +) _ 2 2 2 

F (p  ~ lr°e +) t I - rn ,d~¢/r~ J ' 
(19) 

where 

A = [ 1 - 3F + D  + 8b2m~/Ms]  
FF---Ub j '  (20) 

If the symmetry  breaking paramete r  b2 is neglected, then A is about  0.22 and 
F ( p  -~ ~Te +) - 0 .007F(p ~ It°e+). This differs drastically f rom the static SU(6) predic- 
tion A = 1, F ( p ~ r l e + ) = 0 . 1 5 F ( p - ~  ~r°e+). The plot in fig. 2 shows that the rate 
F ( p - ~ , / e  +) is very sensitive to the value of b2. It  is unfortunate that this proton 
decay mode  is so sensitive to higher order SU(3)LX SU(3)R symmetry breaking 
effects. For the antineutrino final states 

/ " ( n  ~ 0 - • r re) = F (p  --> zr°e +) 
F(n  ~ rpTe) F (p  --> r/e +) " (21) 

Next,  we consider the ratio of decay rates for p--> K°/x ÷ and p-~ 7r°e + when gauge 
boson exchange dominates.  The diagrams which contribute to p--> K°/~ + in this case 

* The symmetry breaking terms proportional to ba and b2 are higher order effects since they also 
vanish at zero momenta. 

<latexit sha1_base64="uvCnDCEl/zlST59iSZOp4I9rhNQ="></latexit>

h0|(ud)RuL|pi = ↵PLup
<latexit sha1_base64="dztiIZ3oihd1BM/huK47eT7X/m8="></latexit>
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constraining GUT

• partial width

• given GUT and W0i(μ) from lattice, Ci(μ) is constrained using experimental 
lower bound  of proton lifetime


• Ci(μ) cancels μ dependence of W0i(μ), function GUT parameters: 


• mX,... for heavy boson mediated dim 6 nucleon decay


• mc and spectrum of sparticles for colored higgs mediated                                                         
dim 5 nucleon decay


➡complement to LHC


• constraints on Ci(μ) may be transcribed into constraints of GUT parameters
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DWF calculation of proton decay matrix elements 
after JLQCD 2000

• quench direct & Nf=2 LEC    (2006)


• NPR scheme constructed


• YA, C. Dawson, J. Noaki, A. Soni


• Nf=2+1 LEC                          (2008)


• YA, P. Boyle, P. Cooney,                   
L. Del Debbio, R. Kenway,              
C. Maynard,  A. Soni, R. Tweedie


• Nf=2+1 direct                        (2014)


• YA, T. Izubuchi, E. Shintani, A. Soni

• RBC   &   RBC/UKQCD collaborations


• Nf=2+1 direct with AMA        (2017)


• YA,  T. Izubuchi, E. Shintani, A. Soni



DWF calculation of proton decay matrix elements

• RBC   &   RBC/UKQCD collaborations


• Nf=2+1 direct with AMA        (2017)


• YA,  T. Izubuchi, E. Shintani, A. Soni

Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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• pros

• DWF:  renormalization is simple

• AMA:  statistically improved a lot


• cons

• lightest pion ~ 330 MeV


• linear extrapolation may eventually fail
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the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
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especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
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Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.
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To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as
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where ~m has the same definition as in Eq. (21). Figures 6
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channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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• pros

• DWF:  renormalization is simple

• AMA:  statistically improved a lot


• cons

• lightest pion ~ 330 MeV


• linear extrapolation may eventually fail

Skirm chiral bag model (Martin-Stavenga 2016)


• drastic decrease towards chiral limit due 
to topological stabilization of proton



Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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Skirm chiral bag model (Martin-Stavenga 2016)

• drastic decrease towards chiral limit due 

to topological stabilization of proton

systematic error from the chiral extrapolation:

• compare w/ polynomial w/ higher oder

• seems small w/ observed good linearity 

• dangerous if strong non-linear effect persists



Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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to topological stabilization of proton
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systematic error from the chiral extrapolation:

• compare w/ polynomial w/ higher oder

• seems small w/ observed good linearity 

• dangerous if strong non-linear effect persists



Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with

0.05

0.1

0.15

0.2

0.25

W
0 

(G
eV

2 )

0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
0

0.05

0.1

0 0.01 0.02 0.03 0.04
0

0.05

0.1

W
0 

(G
eV

2 )

0 0.01 0.02 0.03 0.04

0.05

0.1

0.15

0.2

0.25

m + mres

-0.15

-0.1

-0.05

W
0 

(G
eV

2 )

0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
m + mres

0.05

0.1

0.15

0.2

<π0
LuL <K

0
LuL

<K
+

LsL
<K

+
LdL

<K
+

LuL
<η LuL

(ud) p> (us) p>

(ud) p>(us) |p>

(ds) p> (ud) p>

FIG. 9. Quark mass dependence of the renormalized W0 after q2 ¼ 0 extrapolation for Γ ¼ L. Each symbol is the same as in Fig. 8.

AOKI, IZUBUCHI, SHINTANI, and SONI PHYSICAL REVIEW D 96, 014506 (2017)

014506-10

Skirm chiral bag model (Martin-Stavenga 2016)

• drastic decrease towards chiral limit due 

to topological stabilization of proton

?

systematic error from the chiral extrapolation:

• compare w/ polynomial w/ higher oder

• seems small w/ observed good linearity 

• dangerous if strong non-linear effect persistsaiming 10 % total error



Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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Skirm chiral bag model (Martin-Stavenga 2016)

• drastic decrease towards chiral limit due 

to topological stabilization of proton

?

No extrapolation needed if one use physical 
point ensembles


Let’s use them

systematic error from the chiral extrapolation:

• compare w/ polynomial w/ higher oder

• seems small w/ observed good linearity 

• dangerous if strong non-linear effect persistsaiming 10 % total error



Figure 5 shows the result of the plateau fit for W0 using
the fitting ranges t ∈ ½11; 17" and t ∈ ½12; 16" to study the
effect of excited-state contamination on the signal. We
observe that these values are consistent within 1 sigma error
in each q2, while the central value has slight tension,
especially for the lowest momentum in Γ ¼ L. In order to
estimate the systematic uncertainties including the effect
of excited-state contamination, we compare the results
using these fitting ranges. Such a comparison will be
discussed later.

A. Global fitting

To perform the extrapolation to the kinematic point and
physical pion mass simultaneously, we globally fit all
lattice data with the linear ansatz for the quark mass and
q2 dependence as

FW0
¼ A0 þ A1 ~mþ A2q2; ð24Þ

where ~m has the same definition as in Eq. (21). Figures 6
and 7 plot the renormalized W0ðq2Þ for every decay
channel and for each quark mass. We observe that lattice
data for each quark mass (which are denoted by the same
symbols in Figs. 6 and 7) has a linear q2 dependence. For
the mass dependence, we also observe a monotonic
decrease or increase when m is increasing. Even when
using the linear ansatz, χ2/d.o.f. is reasonably small (note
that we use uncorrelated fits), as presented in the first
“χ2d:o:f:” column of Table III.
We next study the uncertainties in the fitting related with

the mass dependence, following the method used in
Ref. [1]. The estimated errors are attributed to the
higher-order correction than OðmÞ and a part (at least)
of the finite-volume effect. Table III presents the errors
estimated with the discrepancy from the central value,
which is obtained in the full range m ∈ ½0.005; 0.03" and
two fitting ranges: m ∈ ½0.005; 0.02" for the “light” region
and m ∈ ½0.01; 0.03" for the “heavy” region. The error with
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?

Error budget of RBC/UKQCD 2017

the “light” region can be an estimate of the Oðm2Þ
correction since the exclusion of the heavy mass makes
a correction less than Oðm2Þ. On the other hand, the error
with the “heavy” region can (at least partly) be due to the
finite-volume effect, since the lightest point suffers most
from the effect with the fixed volume. In each range, χ2/
d.o.f. is not significantly large. The values presented in the
table are taken as the maximum error compared with the
result obtained in two t fitting ranges t ∈ ½12; 16$ and
t ∈ ½11; 17$. The “total” error of the chiral extrapolation in
the table is calculated by adding the two errors (“light” and
“heavy”) in quadrature.
In a similar manner as the “light” error, theOðq4Þ error is

estimated from the difference of the results obtained with
the full range of q2 with all of the nonzero meson momenta
and the shorter range where the largest jq2j (np ¼ ð1; 1; 1Þ)
is neglected. The result is shown in the column labeled
“Oðq4Þ” in Table III. This error turns out to be smaller than
that of the “chiral” extrapolation.
As shown in Figs. 6 and 7, the q2 dependence obtained by

extrapolating the data in the “direct”method does not largely
differ from BChPT including α and β obtained in Sec. IV,
especially the fact that the p → π channels have a tendency
to be close to each other with increasing q2 > 0. There is a
discrepancy up to about a factor of 2 around the kinematics
point. Such a comparison will be discussed later.

B. Sequential fitting

In the global fitting we estimated a part of the
systematic errors due to omitting the higher-order terms
in the expansion of the light quark mass ~m and squared
momentum transfer q2. Those estimated are of Oð ~m2Þ and
Oðq4Þ. The remaining error is of Oð ~mq2Þ. For the estimate
we use the same method as in Ref. [1]. The procedure is
that first the q2 → 0 extrapolation is carried out for each
fixed quark mass with a linear function; then, the chiral
extrapolation is performed (see Figs. 8 and 9). By doing
this we are taking into account the q2 dependence in the
prefactor of the linear quark mass term A1 in Eq. (24). If
the result is different, it is attributed as the m effect in A1,
and thus is of Oð ~mq2Þ. The last column of Table III shows
the χ2 per degree of freedom for the final ~m linear fit. The
second to last column represents the systematic error
estimated in this analysis. It turns out to be subdominant
in the fitting errors.

C. The final results

Table IV presents a summary of the nucleon decay form
factors for each operator and final state with the statistical
and systematic errors. The statistical error is significantly
reduced to 1=4–1=6 from our previous study [1] and now
is subdominant. The systematic errors for the extra-
polation discussed above are combined and shown in the

TABLE IV. Table of the renormalizedW0 in the physical kinematics at 2 GeV in the M̄S NDR scheme. The fourth
column contains the relative error of the systematic uncertainties. “χ” comes from the chiral extrapolation given
from three different fitting ranges as explained in the text. The “q4” and “a2” columns are the uncertainties of the
higher-order correction thanOðq2Þ and the lattice artifact atOða2Þ, respectively. The “ms” column is the uncertainty
coming from using the unphysical strange quark mass. ΔZ and Δa are the errors of the renormalization factor and
lattice scale estimate, respectively.

Systematic error [%]
Matrix element W0 GeV2 Statistical[%] Total χ q4 mq2 a2 ms Δa ΔZ

hπ0jðudÞRuLjpi −0.131ð4Þð13Þ 3.0 9.7 1.8 0.7 0.3 5.0 & & & 0.6 8.1
hπ0jðudÞLuLjpi 0.134(5)(16) 3.4 11.6 5.7 2.3 2.6

hπþjðduÞRdLjpi −0.186ð6Þð18Þ 3.0 9.7 1.8 0.7 0.3

hπþjðduÞLdLjpi 0.189(6)(22) 3.4 11.6 5.7 2.3 2.6

hK0jðusÞRuLjpi 0.103(3)(11) 2.8 10.4 2.8 0.7 1.1 5.0 3.0 0.6 8.1

hK0jðusÞLuLjpi 0.057(2)(6) 3.5 10.7 3.1 1.0 2.1

hKþjðusÞRdLjpi −0.049ð2Þð5Þ 3.7 10.9 3.5 1.6 2.0

hKþjðusÞLdLjpi 0.041(2)(5) 4.4 13.1 7.5 3.3 1.9

hKþjðudÞRsLjpi −0.134ð4Þð14Þ 3.2 10.3 1.6 1.3 1.3

hKþjðudÞLsLjpi 0.139(4)(15) 3.0 10.9 3.9 1.4 1.5

hKþjðdsÞRuLjpi −0.054ð2Þð6Þ 3.6 10.6 2.7 2.3 0.7

hKþjðdsÞLuLjpi −0.098ð3Þð10Þ 2.8 10.3 2.1 0.8 1.6

hηjðudÞRuLjpi 0.006(2)(3) 30.0 42.1 39.7 9.4 4.7 5.0 & & & 0.6 8.1

hηjðudÞLuLjpi 0.113(3)(12) 3.1 10.2 2.8 1.9 1.5
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this possibility is not taken into account→

chiral extrapolation
renormalization



Lattice computation
Lattice gauge theory: gauge theory on discrete Euclidian space-time (lattice 
spacing a) 

a regularization of gauge theory with manifest gauge invariance 

with finite volume and “a”, path integral can be performed using (super) computer 

continuum limit a→0 has to be performed, or discretization error must be 
estimated 

  

all O(5) break chiral symmetry 

If the lattice action has chiral symmetry,  no O(a) error! → more continuum like 

Lattice action with chiral symmetry available 

Domain wall fermions (DWF) (Kaplan, Furman-Shamir),                                  
overlap fermions (Neuberger)  

helps preserve continuum like structure of operator mixing 

Wilson fermion breaks chiral symmetry, but, improvement make O(a) small

L(a) = LQCD + a
�

i

c(5)
i O(5)

i + a2
�

j

c(6)
j O(6)

j + · · ·
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lattice matrix element: direct⇔indirect

indirect method:  α & β → W0 

cheap on lattice (meas. cost ~1/10) 

approximation 

chiral non-linearity could be an issue

direct method:  W0 

expensive on lattice 

exact 

milder non-linearity expected if any
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how to calculate LEC’s: α and β
  

  

  

linear combination of products of 3 quark propagators

quark propagators: inverse of domain-wall fermion Dirac operator

engineering the interpolation operator necessary to have good S/N

ORL = (ucPRd) · PLu

Jp = (uc�5d) · u

(color indices contracted with εijk to make singlet)

�0|ORL|p⇥ = �up

�

 x

⇤0|ORL(↵x, t) · Jp(0)|0⌅ =
�

 x

⇤0|ORL(↵x, t) ·
�

i

|i⌅ 1
2Ei

⇤i| · Jp(0)|0⌅

=
�

i

e�Eit 1
2Ei

⇤0|ORL(0)|i⌅⇤i|Jp(0)|0⌅

(large t) ⇥ e�mpt 1
2mp

⇤0|ORL(0)|p⌅⇤p|Jp(0)|0⌅

�

⇧x

⇤0|Jp(�x, t) · Jp(0)|0⌅ ⇥ e�mpt 1
2mp

⇤0|Jp(0)|p⌅⇤p|Jp(0)|0⌅

:proton interpolation operator



  

three point function with momentum injection to pion in proton’s rest frame 

   

  

through some projection/subtraction, W0 is obtained.

Direct method to calculate W0

�

⇧x

⇤0|Jp(�x, t) · Jp(0)|0⌅ ⇥ e�mpt 1
2mp

⇤0|Jp(0)|p⌅⇤p|Jp(0)|0⌅

:proton interpolation operator

⇥�0|ORL|p⇤ = PL[W0 �
i/q

mp
W1]up

ORL = (ucPRd) · PLu

Jp = (uc�5d) · u

J0
� =

1⇤
2
(u�5u� d�5d)

(t⇥ � t � 0) ⇥ e�E�(t��t)e�mpt 1
2E�

1
2mp

⇤0|J�0 |�0( p)⌅⇤�0( p)|ORL(0)|p⌅⇤p|Jp(0)|0⌅

�

⌥x

ei⌥p·⌥x⇤0|J�0( x, t) · J�0(0)|0⌅ ⇥ e�E�t 1
2E�

⇤0|J�0(0)|�0( p)⌅⇤�0( p)|J�0(0)|0⌅

:pion interpolation operator

�

�y

�

�x

ei�p·(�y��x)⇥0|J�0(�y, t⇤) · ORL(�x, t) · Jp(0)|0⇤



Operator Property
Operator qqql:

Lorentz symmetry: (qcΓq)(lcΓ′q)

SU(3)c singlet: ϵijkqiqjqkl

SU(2)× U(1) symmetry determines the relative coefficients of the
operators in low energy Lagrangian.
relevant for nucleon decay: q = u, d, s (mc > mN ).
at QCD scale, lepton is treated trivially, so we are left with

O = ϵijk(uiT CΓdj)Γ′sk Lorentz spinor

(u, d, s) simply labeling different flavors, not necessarily mean real flavors

ΓΓ′ Lorentz structure variation with fixed flavor ordering:
notation: S = 1, P = γ5, V = γµ, A = γµγ5, T = σµν :
P−: SS, PP , AA, V V , TT .
P+: SP , PS, AV , V A, T T̃ .

University of Edinburgh (Dec. 10, 2004) – p.3/23



Operator
(ΓΓ′)uds = ϵijk(uiT CΓdj)Γ′sk

P− operators
(SS)uds, (SS)dsu, (SS)sud

(PP )uds, (PP )dsu, (PP )sud

(AA)uds

(V V )uds

(TT )uds

S: switching (u↔ d): (ΓΓ′)dus = ±(ΓΓ′)uds

Any vector, tensor indices can be eliminated.
Γ(Γ′) = S, P or L, R do everything:
common form in the low energy effective Lagrangian
→Weinberg PRL 43 (1979) 1566.

(SS)uds + (SS)dsu + (SS)sud + (PP )uds + (PP )dsu + (PP )sud = 0

(ΓΓ)uds with (SS, PP , AA, V V , TT ) can be used as a complete set:
We use them for the operator renormalization.

Similar property for P−.

University of Edinburgh (Dec. 10, 2004) – p.4/23



Renormalization: mixing
Γ Γ′

S− S+

P− SS, PP , AA V V , TT

P+ SP , PS, AV V A, T T̃

0

@

SS
PP
AA

1

A

ren

=

0

@ Z′

ND
ij

1

A

0

@

SS
PP
AA

1

A

latt

,

0

@

SP
PS
−AV

1

A

ren

=

0

@ Z′

ND
ij

1

A

0

@

SP
PS
−AV

1

A

latt

.

0

@

R · L
L · L

A · LV

1

A

ren

=

0

@ ZND
ij

1

A

0

@

R · L
L · L

A · LV

1

A

latt

,

0

@

R · R
L · R

A · RV

1

A : similar.

(ΓΓ′)udu ≡ ϵijk(ūciΓdj)Γ′uk is renormalized in the same way.

Wilson fermion (Richards, Sachrajda, Scott):
(RL)ren = Z(RL)latt + αs

4π Zmix(LL)latt + αs

4π Z′

mix(A · LV )latt

no other terms appear at any order.

University of Edinburgh (Dec. 10, 2004) – p.5/23



RI/MOM scheme renormalization
Ga(x0, x1, x2, x3) = ⟨Oa

uds(x0)ū(x1)d̄(x2)s̄(x3)⟩.

a labels chiral structure type ΓΓ′.

Oa
uds ren = Zab

NDOb
uds latt

Momentum p for all three external quarks, amputate it with three quark
propagators:

Λa(p2) = F.T. Ga(0, x1, x2, x3)|Amp.

Renormalization condition reads at scale p,

P a
ijk βα δγ · Z−3/2

q Zbc
NDΛc

ijk αβ γδ = δab,

Mab = P a
ijk βα δγ · Λb

ijk αβ γδ → Z3/2
q (Z−1

ND)ab.

University of Edinburgh (Dec. 10, 2004) – p.6/23



Operator Mixing ?
β = 0.87 DBW2 glue (a−1 = 1.3 GeV), and DWF with Ls = 12 and M5 = 1.8:
mres ≃ 1.6MeV .
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Small mass dependence. Off-diagonal elements negligible.
→ No mixing.

University of Edinburgh (Dec. 10, 2004) – p.7/23



Treatment of Zq

MLL,LL → Z3/2
q /ZLL,LL

ND .

PAΛA → ZqZ−1
A .

(PAΛA)3/2/MLL,LL → ZLL,LL
ND /Z3/2

A .

ZA = 0.7798(5)←
⟨AµP ⟩
⟨AµP ⟩

ZA has no scale dependence
(Null anomalous dimension for
Aµ).

(PAΛA)3/2/MLL,LL has same
scale dependence as ZND and
possible O(a2) discretization error.

0 0.5 1 1.5 2 2.5

(pa)2

0.9

1
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ΛLL
ΛA

mf=0

University of Edinburgh (Dec. 10, 2004) – p.8/23



Matching toMS (NLO)

0 0.5 1 1.5 2 2.5 3
(pa)2

0.6

0.8

1

1.2

1.4

ZRI(p)/ZA
3/2

Ztotal(µ=1/a)/ZA
3/2

LL

OMS(µ) =

perturbative
z }| {

UMS(µ; p)
ZMS(p)

ZRI(p)
ZRI (p)

| {z }

Ztotal(µ)

Olatt

2-loop anomalous dimension:
Nihei, Arafune (94)
1-loop matching (finite part): This
work
NPR: This work
The product is independent of p.
Let’s set µ = 1/a.

ZA = 0.7798(5) → ZLL,LL
total (µ = 1/a) = 0.73(1).

University of Edinburgh (Dec. 10, 2004) – p.9/23
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Recent improvement in RI/MOM renormalization

• issues


• p must be large enough,  to control perturbation theory


• p must be small enough,  to control lattice artifact (pa)^n


•                                            Window problem


• solution


• super fine lattice


• perturbation theory:  higher order


• scheme: less contamination of low energy physics 

<latexit sha1_base64="UyY16nwsNGW870EDBRPBk38Yg6M="></latexit>

⇤QCD ⌧ p ⌧ 1/a

NLO→NNLO
RI/SMOM



Proton Decay Matrix Elements  projects

Collaboration in Japan


• Eigo Shintani             (Tsukuba)

• Ryutaro Tsuji             (KEK)

• Yoshinobu Kuramashi (Tsukuba)

• YA


using PACS Wilson configurations

  V=644    L=5.5 fm

  1/a=2.3 GeV

  a = 0.08 fm


Collaboration in USA


• Jun-Sik Yoo     (KEK/Stony Brook)

• Taku Izubuchi    (BNL/RBRC)

• Amarjit Soni       (BNL)

• Sergey Syritsyn (Stony Brook/RBRC)

• YA


using RBC/UKQCD DWF configurations

  V=243x64, 323x64   L=4.7 fm

  1/a=1 and 1.4 GeV

  a = 0.2, 0.14 fm→ 0


[PRD 105, 0074501 (2022)]



use of PACS ensemble @ physical pion mass
Nf=2+1 PACS ensemble


• Iwasaki gauge β=1.82

• stout smeared Wilson fermion: ρ=0.1, N=6

• ud and s quarks are on physical point

• 1/a = 2.333(18) GeV

• 644 is mostly used in this study: mπL=3.8

statistical note

•~100 configurations 

• for each config


•matrix elements: AMA 

•one exact and 

• 256 sloppy solves


•NPR:  

• single point source 



use of PACS ensemble @ physical pion mass
Nf=2+1 PACS ensemble


• Iwasaki gauge β=1.82

• stout smeared Wilson fermion: ρ=0.1, N=6

• ud and s quarks are on physical point

• 1/a = 2.333(18) GeV

• 644 is mostly used in this study: mπL=3.8

statistical note

•~100 configurations 

• for each config


•matrix elements: AMA 

•one exact and 

• 256 sloppy solves


•NPR:  

• single point source 

Renormalization:

Richards et al 1987  lattice perturbation theory


(Notation JLQCD2000)

ORL = (ucPRd) · PLs

OLL = (ucPLd) · PLs

OA(LV ) = (uc�µ�5d) · PL�µs
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• 256 sloppy solves


•NPR:  

• single point source 

!PS"p! #!JPS
† "0! ,0#!0$!!ZPS, "31#

!0!JN ,s"0! ,0#!N (s!)"0! #$!!ZNus(s!) , "32#

which can be obtained from the two-point functions

%
x! ,x!!

eip! •(x!!"x! )!JPS"x!!,t!#JPS
† "x! ,t #$, "33#

%
x!

!JN ,s"x! ,t #J̄N ,s"0! ,0#$. "34#

We move the baryon number violating operator ÔL ,&
B/ in

terms of t between the nucleon source placed at t!0 and the
PS meson sink fixed at some t! well separated from t!0.
We list all the local interpolating fields for the PS meson

and the nucleon required to calculate the independent matrix
elements of Eqs. "15#–"21#:

J'0"x! ,t #!
1
!2

( ū"x! ,t #&5u"x! ,t #" d̄"x! ,t #&5d"x! ,t #) ,

"35#

J'#"x! ,t #! d̄"x! ,t #&5u"x! ,t #, "36#

JK0"x! ,t #! s̄"x! ,t #&5d"x! ,t #, "37#

JK#"x! ,t #! s̄"x! ,t #&5u"x! ,t #, "38#

J*"x! ,t #!
1
!6

( ū"x! ,t #&5u"x! ,t ## d̄"x! ,t #&5d"x! ,t #

"2 s̄"x! ,t #&5s"x! ,t #) , "39#

Jp ,s"x! ,t #!+ i jk(uiT"x! ,t #C&5d j"x! ,t #)us
k"x! ,t #, "40#

Jn ,s"x! ,t #!+ i jk(uiT"x! ,t #C&5d j"x! ,t #)ds
k"x! ,t #. "41#

We also prepare smeared operators for the nucleon source to
overlap with the lowest-energy state dominantly:

Jp ,s! " t #! %
x! ,y! ,z!

,"x! #,"y! #,"z! #+ i jk

$(uiT"x! ,t #C&5d j"y! ,t #)us
k"z! ,t #, "42#

Jn ,s! " t #! %
x! ,y! ,z!

,"x! #,"y! #,"z! #+ i jk

$(uiT"x! ,t #C&5d j"y! ,t #)ds
k"z! ,t #, "43#

where the measured quark wave function in the pion is em-
ployed for the smearing factor , , which is obtained by

%
y!

!d̄"x! ,t #&5u"0! ,t #ū"y! ,0#&5d"y! ,0#$

%
y!

! d̄"0! ,t #&5u"0! ,t #ū"y! ,0#&5d"y! ,0#$
→,"x! #, t%0,

"44#

with configurations fixed to the Coulomb gauge. Although
there is no reason to assume that the wave functions for the
three quarks in the proton are well described by the quark
wave function in the pion, the smeared sources of Eqs. "42#
and "43# work effectively "see Sec. V#.
In the renormalization of the baryon number violating op-

erators on the lattice, the explicit chiral symmetry breaking
in the Wilson quark action causes mixing between operators
with different chiralities. In Eqs. "15#–"21# we find two types
of operators in terms of chiralities:

ORL!+ i jk"-1
i TCPR-2

j #PL-3
k , "45#

OLL!+ i jk"-1
i TCPL-2

j #PL-3
k , "46#

where -1,2,3 represent the quark fields. Their mixing struc-
tures under perturbative renormalization up to one-loop level
are given by (9)

O RL
cont".#!Z"/s ,.a #O RL

latt"a ##
/s

4'
ZmixO LL

latt"a #

"
/s

4'
Zmix! O&.L

latt "a #, "47#

O LL
cont".#!Z"/s ,.a #O LL

latt"a ##
/s

4'
ZmixO RL

latt"a #

#
/s

4'
Zmix! O&.L

latt "a #, "48#

where the overall factor Z(/s ,.a) has the form

Z"/s ,.a #!1#
/s

4'
(4 ln".a ##0B/ ) , "49#

with . the renormalization scale, and the additional operator
O&.L

is defined by

O&.L
!+ i jk"-1

i TC&.&5-2
j #PL&.-3

k . "50#

Employing the MS subtraction scheme with the naive dimen-
sional regularization for the continuum theory, we have re-
evaluated the finite constants and found

0B/ !"34.11 for NDR, "51#

Zmix!3.21, "52#

Zmix! !"0.803, "53#

where the errors are &1 in the last digit. The value of 0B/
depends on the renormalization scheme in the continuum,
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Renormalization:

Richards et al 1987  lattice perturbation theory


(Notation JLQCD2000)

ORL = (ucPRd) · PLs

OLL = (ucPLd) · PLs

OA(LV ) = (uc�µ�5d) · PL�µs



RI/MOM 3q vertex matrix: comparison with DWF

• (pa)2 dep bit different→lattice artifact dominant

• Wilson: 


 off-diagonal larger than DWF, but, ≲ 1% → treated as negligible below

0.8

0.9

1

1.1

diagonaldiagonal

M
a,b

 for nucleon decay, from 4 srcs
Nf=2+1, Iwasaki, β=2.13, 16

3
x32, L

s
=16, m

f
→−m

res

0 0.5 1 1.5 2 2.5

(pa)
2

-0.02

0

0.02 off diagonaloff diagonal

LL,LL
RL,LL
A(LV),LL
LL,RL
RL,RL
A(LV),RL
LL,A(LV)
RL,A(LV)
A(LV),A(LV)

0.8

0.9

1

1.1

diagonaldiagonaldiagonal

M
a,b

 for nucleon decay
Nf=2+1, PACS, 64

4
, 99 configurations

0 0.5 1 1.5 2 2.5

(pa)
2

-0.02

0

0.02 off diagonaloff diagonaloff diagonal

LL,LL
RL,LL
A(LV),LL
LL,RL
RL,RL
A(LV),RL
LL,A(LV)
RL,A(LV)
A(LV),A(LV)

ORL = (ucPRd) · PLs

OLL = (ucPLd) · PLs

OA(LV ) = (uc�µ�5d) · PL�µs
(

DWF, RBC/UKQCD 2008Wilson, this work
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• ratio of 3q, 2q vertex function →  ZND /Z3/2
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V
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renormalization

• ratio of 3q, 2q vertex function →  ZND /Z3/2
A , ZND /Z3/2

V

• input ZV  or ZA from SF scheme →  ZPD

• DWF (RBC/UKQCD) [2006～2017]

• wave function renormalization (bilinear) uses exceptional momenta (qμ=0) 

• sensitive to the change of mf and SSB → source of systematic error

q = p1−p2

p1 p2

Such a circumstance is illustrated by the general vertex
graph ! in Fig. 5, contained in the outer dashed box. Here
we have identified a subgraph !2 which carries only low
momenta and can therefore transform as (8, 8) even in the
limit of vanishing quark mass, mval þmres ¼ 0. For the
case of nonexceptional momenta, we must apply
Weinberg’s theorem to the subgraph !0, enclosed in the
inner dashed box, through which, by assumption, all of the
large momenta entering the vertex and the two external
fermion lines must be routed. Because of its connections to
the subgraph !2, the subgraph !0 has six external fermion
lines and one external boson line (connected to the vertex).
The resulting degree of divergence is d0 ¼ 4# 1# 6 $
3=2 ¼ #6, justifying the naive 1=p6 behavior in Eq. (37).

However, in our case "V and "A are being evaluated
with zero momentum entering the current vertex and with a
vanishing sum of the two incoming fermion momenta—a
configuration of exceptional momentum. For such a choice
of external momenta we can divide the subgraph !0 iden-
tified above into two pieces !1 and !3. Because the mo-
menta are exceptional with no large momenta entering the
vertex, we can route all of the large momenta through !3.
Since !3 has only four external fermion lines, its degree of
divergence is d3 ¼ 4# 4 $ 3=2 ¼ #2 and the 1=p6 behav-
ior above has been replaced by the much less suppressed
1=p2. If we think of the subgraph !2 as a generalized chiral

condensate h0j #qq #qqj0i we are seeing the asymptotic be-
havior

h0j #qq #qqj0i
p2

; (38)

very consistent with our numerical results. Note the dis-
crepancy in dimensions between Eqs. (37) and (38) will be
made up by four powers of "QCD, the momentum scale to
which the subgraph !2 is restricted.
A simple class of graph allowing this behavior can be

seen in Fig. 6. Here the large momentum carried by the two
external fermion lines can be routed through the gluon
propagator that is shown explicitly so that the upper part
of the diagram carries only low momenta. The large mo-
mentum behavior of the gluon propagator gives the ex-
pected 1=p2 behavior. The two general fermion
propagators shown with the shaded ‘‘blobs’’ carry small
momenta and, as suggested by Eq. (22), can show ð3; #3Þ
or ð#3; 3Þ chiral symmetry violation even when mval þ
mres ¼ 0.
To confirm this analysis, we have also calculated the

difference between "A and "V with nonexceptional mo-
menta. We have chosen 5 different momentum scales, each
corresponding to a set of momenta which satisfy the con-
dition p2

1 ¼ p2
2 ¼ ðp1 # p2Þ2 ¼ p2 for five values of p2, as

listed in Tables VIII and IX. We then calculated"A and"V

with the two external fermions carrying respectively p1

and p2. The result is plotted in Fig. 7, which shows that the
chiral symmetry breaking vanishes almost completely with
nonexceptional kinematics at medium to large momenta.
While it would be more satisfactory to perform the

calculations presented in this paper using nonexceptional
momenta, the resulting RI/MOM normalization conditions
would not correspond to those for which perturbative
matching calculations have been carried out. Thus, we
would not be able to relate the quantities which we calcu-

FIG. 5. The division of a general vertex graph into subgraphs.
If the four-legged, internal subgraph !2 carries momenta p'
"QCD it can introduce low energy, (8, 8) chiral symmetry break-
ing into such an amplitude even in the limit that the momenta
external to the entire diagram !, included in the outer dashed
box, grow large. As discussed in the text, such a limit will be
suppressed by 1=p6 if the external momenta are nonexceptional
but by only 1=p2 for the exceptional case.

FIG. 6. Sample diagram in which two low-momentum (k ’
"QCD) fermion propagators appear in a graph which is sup-
pressed at high momentum only by a single factor of 1=p2.

Y. AOKI et al. PHYSICAL REVIEW D 78, 054510 (2008)

054510-10



renormalization

• ratio of 3q, 2q vertex function →  ZND /Z3/2
A , ZND /Z3/2

V

• input ZV  or ZA from SF scheme →  ZPD

• DWF (RBC/UKQCD) [2006～2017]

• wave function renormalization (bilinear) uses exceptional momenta (qμ=0) 

• sensitive to the change of mf and SSB → source of systematic error

• 3 quark op uses non-exceptional momentum 

q = p1−p2

p1 p2

Such a circumstance is illustrated by the general vertex
graph ! in Fig. 5, contained in the outer dashed box. Here
we have identified a subgraph !2 which carries only low
momenta and can therefore transform as (8, 8) even in the
limit of vanishing quark mass, mval þmres ¼ 0. For the
case of nonexceptional momenta, we must apply
Weinberg’s theorem to the subgraph !0, enclosed in the
inner dashed box, through which, by assumption, all of the
large momenta entering the vertex and the two external
fermion lines must be routed. Because of its connections to
the subgraph !2, the subgraph !0 has six external fermion
lines and one external boson line (connected to the vertex).
The resulting degree of divergence is d0 ¼ 4# 1# 6 $
3=2 ¼ #6, justifying the naive 1=p6 behavior in Eq. (37).

However, in our case "V and "A are being evaluated
with zero momentum entering the current vertex and with a
vanishing sum of the two incoming fermion momenta—a
configuration of exceptional momentum. For such a choice
of external momenta we can divide the subgraph !0 iden-
tified above into two pieces !1 and !3. Because the mo-
menta are exceptional with no large momenta entering the
vertex, we can route all of the large momenta through !3.
Since !3 has only four external fermion lines, its degree of
divergence is d3 ¼ 4# 4 $ 3=2 ¼ #2 and the 1=p6 behav-
ior above has been replaced by the much less suppressed
1=p2. If we think of the subgraph !2 as a generalized chiral

condensate h0j #qq #qqj0i we are seeing the asymptotic be-
havior

h0j #qq #qqj0i
p2

; (38)

very consistent with our numerical results. Note the dis-
crepancy in dimensions between Eqs. (37) and (38) will be
made up by four powers of "QCD, the momentum scale to
which the subgraph !2 is restricted.
A simple class of graph allowing this behavior can be

seen in Fig. 6. Here the large momentum carried by the two
external fermion lines can be routed through the gluon
propagator that is shown explicitly so that the upper part
of the diagram carries only low momenta. The large mo-
mentum behavior of the gluon propagator gives the ex-
pected 1=p2 behavior. The two general fermion
propagators shown with the shaded ‘‘blobs’’ carry small
momenta and, as suggested by Eq. (22), can show ð3; #3Þ
or ð#3; 3Þ chiral symmetry violation even when mval þ
mres ¼ 0.
To confirm this analysis, we have also calculated the

difference between "A and "V with nonexceptional mo-
menta. We have chosen 5 different momentum scales, each
corresponding to a set of momenta which satisfy the con-
dition p2

1 ¼ p2
2 ¼ ðp1 # p2Þ2 ¼ p2 for five values of p2, as

listed in Tables VIII and IX. We then calculated"A and"V

with the two external fermions carrying respectively p1

and p2. The result is plotted in Fig. 7, which shows that the
chiral symmetry breaking vanishes almost completely with
nonexceptional kinematics at medium to large momenta.
While it would be more satisfactory to perform the

calculations presented in this paper using nonexceptional
momenta, the resulting RI/MOM normalization conditions
would not correspond to those for which perturbative
matching calculations have been carried out. Thus, we
would not be able to relate the quantities which we calcu-

FIG. 5. The division of a general vertex graph into subgraphs.
If the four-legged, internal subgraph !2 carries momenta p'
"QCD it can introduce low energy, (8, 8) chiral symmetry break-
ing into such an amplitude even in the limit that the momenta
external to the entire diagram !, included in the outer dashed
box, grow large. As discussed in the text, such a limit will be
suppressed by 1=p6 if the external momenta are nonexceptional
but by only 1=p2 for the exceptional case.

FIG. 6. Sample diagram in which two low-momentum (k ’
"QCD) fermion propagators appear in a graph which is sup-
pressed at high momentum only by a single factor of 1=p2.

Y. AOKI et al. PHYSICAL REVIEW D 78, 054510 (2008)

054510-10



renormalization

• ratio of 3q, 2q vertex function →  ZND /Z3/2
A , ZND /Z3/2

V

• input ZV  or ZA from SF scheme →  ZPD

• DWF (RBC/UKQCD) [2006～2017]

• wave function renormalization (bilinear) uses exceptional momenta (qμ=0) 

• sensitive to the change of mf and SSB → source of systematic error

• 3 quark op uses non-exceptional momentum 

• utilize RI/SMOM wave function renormalization:  Aμ, Vμ

➡proton decay SMOM schemes: SMOM, SMOMγμ

• had expected effect on bilinear and 4q operators

•  matching w/ NLO perturbation theoryMS

• totally: 2x2 = 4 schemes

q = p1−p2

p1 p2

Such a circumstance is illustrated by the general vertex
graph ! in Fig. 5, contained in the outer dashed box. Here
we have identified a subgraph !2 which carries only low
momenta and can therefore transform as (8, 8) even in the
limit of vanishing quark mass, mval þmres ¼ 0. For the
case of nonexceptional momenta, we must apply
Weinberg’s theorem to the subgraph !0, enclosed in the
inner dashed box, through which, by assumption, all of the
large momenta entering the vertex and the two external
fermion lines must be routed. Because of its connections to
the subgraph !2, the subgraph !0 has six external fermion
lines and one external boson line (connected to the vertex).
The resulting degree of divergence is d0 ¼ 4# 1# 6 $
3=2 ¼ #6, justifying the naive 1=p6 behavior in Eq. (37).

However, in our case "V and "A are being evaluated
with zero momentum entering the current vertex and with a
vanishing sum of the two incoming fermion momenta—a
configuration of exceptional momentum. For such a choice
of external momenta we can divide the subgraph !0 iden-
tified above into two pieces !1 and !3. Because the mo-
menta are exceptional with no large momenta entering the
vertex, we can route all of the large momenta through !3.
Since !3 has only four external fermion lines, its degree of
divergence is d3 ¼ 4# 4 $ 3=2 ¼ #2 and the 1=p6 behav-
ior above has been replaced by the much less suppressed
1=p2. If we think of the subgraph !2 as a generalized chiral

condensate h0j #qq #qqj0i we are seeing the asymptotic be-
havior

h0j #qq #qqj0i
p2

; (38)

very consistent with our numerical results. Note the dis-
crepancy in dimensions between Eqs. (37) and (38) will be
made up by four powers of "QCD, the momentum scale to
which the subgraph !2 is restricted.
A simple class of graph allowing this behavior can be

seen in Fig. 6. Here the large momentum carried by the two
external fermion lines can be routed through the gluon
propagator that is shown explicitly so that the upper part
of the diagram carries only low momenta. The large mo-
mentum behavior of the gluon propagator gives the ex-
pected 1=p2 behavior. The two general fermion
propagators shown with the shaded ‘‘blobs’’ carry small
momenta and, as suggested by Eq. (22), can show ð3; #3Þ
or ð#3; 3Þ chiral symmetry violation even when mval þ
mres ¼ 0.
To confirm this analysis, we have also calculated the

difference between "A and "V with nonexceptional mo-
menta. We have chosen 5 different momentum scales, each
corresponding to a set of momenta which satisfy the con-
dition p2

1 ¼ p2
2 ¼ ðp1 # p2Þ2 ¼ p2 for five values of p2, as

listed in Tables VIII and IX. We then calculated"A and"V

with the two external fermions carrying respectively p1

and p2. The result is plotted in Fig. 7, which shows that the
chiral symmetry breaking vanishes almost completely with
nonexceptional kinematics at medium to large momenta.
While it would be more satisfactory to perform the

calculations presented in this paper using nonexceptional
momenta, the resulting RI/MOM normalization conditions
would not correspond to those for which perturbative
matching calculations have been carried out. Thus, we
would not be able to relate the quantities which we calcu-

FIG. 5. The division of a general vertex graph into subgraphs.
If the four-legged, internal subgraph !2 carries momenta p'
"QCD it can introduce low energy, (8, 8) chiral symmetry break-
ing into such an amplitude even in the limit that the momenta
external to the entire diagram !, included in the outer dashed
box, grow large. As discussed in the text, such a limit will be
suppressed by 1=p6 if the external momenta are nonexceptional
but by only 1=p2 for the exceptional case.

FIG. 6. Sample diagram in which two low-momentum (k ’
"QCD) fermion propagators appear in a graph which is sup-
pressed at high momentum only by a single factor of 1=p2.

Y. AOKI et al. PHYSICAL REVIEW D 78, 054510 (2008)

054510-10



renormalization

• ratio of 3q, 2q vertex function →  ZND /Z3/2
A , ZND /Z3/2

V

• input ZV  or ZA from SF scheme →  ZPD

• DWF (RBC/UKQCD) [2006～2017]

• wave function renormalization (bilinear) uses exceptional momenta (qμ=0) 

• sensitive to the change of mf and SSB → source of systematic error

• 3 quark op uses non-exceptional momentum 

• utilize RI/SMOM wave function renormalization:  Aμ, Vμ

➡proton decay SMOM schemes: SMOM, SMOMγμ

• had expected effect on bilinear and 4q operators

•  matching w/ NLO perturbation theoryMS

• totally: 2x2 = 4 schemes

q = p1−p2

p1 p2

Such a circumstance is illustrated by the general vertex
graph ! in Fig. 5, contained in the outer dashed box. Here
we have identified a subgraph !2 which carries only low
momenta and can therefore transform as (8, 8) even in the
limit of vanishing quark mass, mval þmres ¼ 0. For the
case of nonexceptional momenta, we must apply
Weinberg’s theorem to the subgraph !0, enclosed in the
inner dashed box, through which, by assumption, all of the
large momenta entering the vertex and the two external
fermion lines must be routed. Because of its connections to
the subgraph !2, the subgraph !0 has six external fermion
lines and one external boson line (connected to the vertex).
The resulting degree of divergence is d0 ¼ 4# 1# 6 $
3=2 ¼ #6, justifying the naive 1=p6 behavior in Eq. (37).

However, in our case "V and "A are being evaluated
with zero momentum entering the current vertex and with a
vanishing sum of the two incoming fermion momenta—a
configuration of exceptional momentum. For such a choice
of external momenta we can divide the subgraph !0 iden-
tified above into two pieces !1 and !3. Because the mo-
menta are exceptional with no large momenta entering the
vertex, we can route all of the large momenta through !3.
Since !3 has only four external fermion lines, its degree of
divergence is d3 ¼ 4# 4 $ 3=2 ¼ #2 and the 1=p6 behav-
ior above has been replaced by the much less suppressed
1=p2. If we think of the subgraph !2 as a generalized chiral

condensate h0j #qq #qqj0i we are seeing the asymptotic be-
havior

h0j #qq #qqj0i
p2

; (38)

very consistent with our numerical results. Note the dis-
crepancy in dimensions between Eqs. (37) and (38) will be
made up by four powers of "QCD, the momentum scale to
which the subgraph !2 is restricted.
A simple class of graph allowing this behavior can be

seen in Fig. 6. Here the large momentum carried by the two
external fermion lines can be routed through the gluon
propagator that is shown explicitly so that the upper part
of the diagram carries only low momenta. The large mo-
mentum behavior of the gluon propagator gives the ex-
pected 1=p2 behavior. The two general fermion
propagators shown with the shaded ‘‘blobs’’ carry small
momenta and, as suggested by Eq. (22), can show ð3; #3Þ
or ð#3; 3Þ chiral symmetry violation even when mval þ
mres ¼ 0.
To confirm this analysis, we have also calculated the

difference between "A and "V with nonexceptional mo-
menta. We have chosen 5 different momentum scales, each
corresponding to a set of momenta which satisfy the con-
dition p2

1 ¼ p2
2 ¼ ðp1 # p2Þ2 ¼ p2 for five values of p2, as

listed in Tables VIII and IX. We then calculated"A and"V

with the two external fermions carrying respectively p1

and p2. The result is plotted in Fig. 7, which shows that the
chiral symmetry breaking vanishes almost completely with
nonexceptional kinematics at medium to large momenta.
While it would be more satisfactory to perform the

calculations presented in this paper using nonexceptional
momenta, the resulting RI/MOM normalization conditions
would not correspond to those for which perturbative
matching calculations have been carried out. Thus, we
would not be able to relate the quantities which we calcu-

FIG. 5. The division of a general vertex graph into subgraphs.
If the four-legged, internal subgraph !2 carries momenta p'
"QCD it can introduce low energy, (8, 8) chiral symmetry break-
ing into such an amplitude even in the limit that the momenta
external to the entire diagram !, included in the outer dashed
box, grow large. As discussed in the text, such a limit will be
suppressed by 1=p6 if the external momenta are nonexceptional
but by only 1=p2 for the exceptional case.

FIG. 6. Sample diagram in which two low-momentum (k ’
"QCD) fermion propagators appear in a graph which is sup-
pressed at high momentum only by a single factor of 1=p2.

Y. AOKI et al. PHYSICAL REVIEW D 78, 054510 (2008)
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SMOM schemes: 
fully utilize  
non-exceptional momenta



A test of  non-exceptional mom 
ΛA−ΛV: RBC/UKQCD [PRD 2008]

The success created a very good motivation to invest in non-exceptional momenta

non-exceptionalexceptional
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 Z(2GeV) from RI/SMOM schemes ver.1MS

• ZLL(MSb, 2GeV) = 0.98 (6)

• ZRL(MSb, 2GeV) = 0.98 (7)
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PACS Wilson, 64
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 Z(2GeV) from RI/SMOM schemes improvedMS

• ZLL(MSb, 2GeV) = 0.98 (6)

• ZRL(MSb, 2GeV) = 0.98 (7)
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SMOM intermediate schemes
PACS Wilson, 64

4

Improvement:
[Tsuji et al Lattice 2024]
(improved stat.)
use of SYM3q scheme
➡ NNLO available
remove (pa)2 and higher
remove non-pert. eff.
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• note: ZLL(MSb, 2GeV) = ZRL(MSb, 2GeV) ≃ 1  → bare ME ≃ ren. ME
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• ZLL(MSb, 2GeV) = 0.98 (6)

• ZRL(MSb, 2GeV) = 0.98 (7)
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NPR schemes and matching - utilizing RI/MOM
• three quark vertex

• original: 

• ,  ,   (non-exceptional)                  [RBC 2006] NLOp1 = p2 = p3 = p q = 3p μ2 = p2

• symmetric 3q: 

• ,  (exceptional)   [	Gracey 2013] NNLOp1 + p2 + p3 = q = 0 p2
1 = p2

2 = p2
3 = p2 = μ2

• SMOM

•    NEW! (yet)   (non-exceptional) [Kniehl, Veretin 2023] NNLOp2
1 = p2

2 = p2
3 = q2 = μ2

• bilinear (q-qbar) vertex for wave function renormalization
• RI/MOM  [Martinelli et al 1993, 1995]

• ,  (exceptional)p1 = p2 q = 0

• RI/SMOM (symmetric momentum configuration)                       

•    (non-exceptional)                                            [RBC/UKQCD 2007]p2
1 = p2

2 = q2

• two schemes:  and [Sturm et al 2009] NLO, [Almeida,Sturm 10] NNLOSMOM SMOMγμ



proton decay LEC: α, β
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Low energy constants of proton decay

• LO ChPT

• ratio of 2pt fuctions


• α consistent with earlier DWF computation w/ long chiral extrapol.

• β as well

• no big surprise happening when going down to physical ud mass
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proton decay form factor W0 for pion final state

Relevant form factor W0 <π0|(ud)RuL|p> as an example

• from ratio of 3 and 2 point functions

• meson momentum


• |W0| ~20% smaller than DWF (with a long chiral extrapolation) at q2=0


• consistent with sys. error !  no big surprise found for mf→mud


• 10% total error is not a dream…
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Advantage

• New renormalization scheme (subtraction point)


• Matching available one order higher (NNLO) : Gracey (2012)


• → reduced systematic error ~1%


• Two lattice spacings → continuum limit


• Chiral symmetry


Disadvantage

• Coarse lattice a=0.2,0.14fm  →  large error after continuum extrapolation ~20%

are conservatively estimated from the differences between
values obtained from the fits and the plateau averages at the
largest source-sink separation t2 ¼ 10a. These systematic
errors are propagated forward to the final Q2- and con-
tinuum-extrapolated results.

Using data at the three kinematic points, we perform linear
interpolation in Q2 to obtain values at Q2 ¼ −m2

e ≈ 0 and
Q2 ¼ −m2

μ. The decay-kinematic data points are then extra-
polated to the continuum limit as WðaÞ ∼Wcont þW0a2.
Such expected scaling of discretization errors is justified by

TABLE VIII. Results for the form factors W0;1 on the two ensembles and in the continuum limit at the two
kinematic points Q2 ¼ 0 (first line) and Q ¼ −m2

μ (second line) renormalized to MSð2 GeVÞ. The first uncertainty
is statistical, the second is systematic due to excited states, and the third is the uncertainty of the continuum
extrapolation.

W0½GeV2&
24ID 32ID Cont.

hπþjðudÞLdLjpi 0.1032(86)(26) 0.1252(48)(50) 0.151(14)(8)(26)
0.1050(87)(36) 0.1271(49)(50) 0.153(14)(7)(26)

hπþjðudÞLdRjpi −0.1125ð78Þð41Þ −0.134ð5Þð11Þ −0.159ð15Þð20Þð25Þ
−0.1139ð78Þð45Þ −0.136ð5Þð12Þ −0.161ð15Þð20Þð26Þ

hK0jðusÞLuLjpi 0.0395(22)(36) 0.0411(13)(25) 0.0430(38)(12)(19)
0.0397(22)(36) 0.0411(13)(25) 0.0427(37)(12)(16)

hK0jðusÞLuRjpi 0.0688(37)(19) 0.0764(17)(36) 0.0854(57)(55)(90)
0.0693(36)(20) 0.0769(17)(36) 0.0860(56)(55)(91)

hKþjðusÞLdLjpi 0.0263(19)(6) 0.0273(9)(11) 0.0284(30)(17)(12)
0.0266(19)(6) 0.0278(9)(11) 0.0293(30)(18)(15)

hKþjðusÞLdRjpi −0.0301ð21Þð10Þ −0.0345ð9Þð14Þ −0.0398ð31Þð20Þð52Þ
−0.0307ð21Þð10Þ −0.0351ð8Þð15Þ −0.0403ð31Þð20Þð52Þ

hKþjðudÞLsLjpi 0.0923(48)(35) 0.0961(26)(46) 0.1006(80)(60)(46)
0.0932(47)(37) 0.0972(26)(48) 0.1019(79)(60)(47)

hKþjðudÞLsRjpi −0.0835ð58Þð3Þ −0.0954ð32Þð39Þ −0.109ð10Þð8Þð14Þ
−0.0846ð58Þð6Þ −0.0964ð32Þð40Þ −0.110ð10Þð8Þð14Þ

hKþjðdsÞLuLjpi −0.0651ð33Þð26Þ −0.0681ð18Þð33Þ −0.0717ð54Þð41Þð35Þ
−0.0658ð32Þð28Þ −0.0686ð18Þð34Þ −0.0720ð53Þð40Þð34Þ

hKþjðdsÞLuRjpi −0.0394ð22Þð20Þ −0.0417ð11Þð23Þ −0.0443ð35Þð26Þð27Þ
−0.0393ð21Þð21Þ −0.0416ð11Þð23Þ −0.0444ð35Þð26Þð27Þ

W1½GeV2&
24ID 32ID Cont.

hπþjðudÞLdLjpi −0.130ð10Þð17Þ −0.1316ð67Þð82Þ −0.134ð18Þð2Þð2Þ
−0.132ð10Þð17Þ −0.1335ð67Þð81Þ −0.136ð19Þð3Þð2Þ

hπþjðudÞLdRjpi 0.116(8)(11) 0.140(5)(14) 0.169(14)(18)(29)
0.118(8)(12) 0.142(5)(15) 0.170(14)(18)(28)

hK0jðusÞLuLjpi 0.0256(29)(4) 0.0264(18)(22) 0.0275(50)(53)(10)
0.0254(29)(4) 0.0265(19)(22) 0.0278(52)(52)(13)

hK0jðusÞLuRjpi −0.0250ð27Þð30Þ −0.0253ð9Þð18Þ −0.0258ð38Þð3Þð4Þ
−0.0254ð28Þð31Þ −0.0256ð9Þð19Þ −0.0259ð38Þð4Þð2Þ

hKþjðusÞLdLjpi −0.0448ð30Þð13Þ −0.0467ð17Þð27Þ −0.0489ð51Þð44Þð22Þ
−0.0453ð30Þð16Þ −0.0472ð16Þð28Þ −0.0496ð51Þð43Þð23Þ

hKþjðusÞLdRjpi 0.0452(31)(23) 0.0487(10)(25) 0.0529(45)(28)(42)
0.0458(31)(23) 0.0492(10)(26) 0.0532(45)(29)(40)

hKþjðudÞLsLjpi −0.0638ð54Þð24Þ −0.0691ð23Þð52Þ −0.0754ð82Þð86Þð63Þ
−0.0653ð54Þð32Þ −0.0701ð23Þð55Þ −0.0757ð80Þð82Þð57Þ

hKþjðudÞLsRjpi 0.0588(50)(11) 0.0687(28)(43) 0.080(9)(8)(12)
0.0605(50)(15) 0.0693(28)(43) 0.080(9)(8)(10)

hKþjðdsÞLuLjpi 0.0192(31)(15) 0.0213(13)(16) 0.0239(46)(18)(26)
0.0201(31)(19) 0.0217(13)(17) 0.0237(46)(15)(19)

hKþjðdsÞLuRjpi −0.0203ð31Þð5Þ −0.0231ð9Þð12Þ −0.0265ð42Þð32Þð34Þ
−0.0204ð31Þð7Þ −0.0233ð9Þð12Þ −0.0269ð42Þð33Þð35Þ

JUN-SIK YOO et al. PHYS. REV. D 105, 074501 (2022)
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statistical as well as systematic uncertainties from con-
tinuum extrapolation are roughly 10%, so that the total
uncertainties are comparable to those in the direct deter-
mination of the proton decay form factors W0.

V. DISCUSSION

The main finding of our paper is that proton decay
amplitudes are not suppressed as the quark masses
decrease and approach their physical values, and thus
findings in previous lattice calculations (e.g., Ref. [42])
are valid. Using physical quark masses and absence of
chiral extrapolation have resulted in a dramatic improve-
ment of precision, yielding results that are perfectly
consistent with those of Ref. [42]. Therefore, dynamical
suppression of proton decay amplitudes due to nonper-
turbative QCD dynamics, as suggested in Ref. [33], is
unlikely, at least at the physical u-,d-quark masses, and the
stringent constraints on the grand-unified Theories remain
unchanged.
In this work, we have used the Nf ¼ ð2þ 1Þ-flavor

chirally-symmetric domain wall fermion action with physi-
cal quark masses on a lattice to compute transition matrix
elements from proton to pion or kaon (“direct method”).
We have omitted the η-channel decay amplitudes because
they require evaluation of disconnected contractions to the
two- and three-point functions, without which the results
would be totally misleading at the physical point. Lattice
calculations in this work have been performed in the exact
isospin limit and without QED corrections, which is
unlikely to introduce significant systematic bias compared
to the current level of precision. Respective matrix elements
for the neutron decays of which can also be potentially
observed inside nuclei are related to those of the proton by
isospin symmetry. Additionally, we have also calculated
the proton (neutron) decay constants that can be used for
computing rates of nonhadronic proton decays such
as p → 3l.

We have obtained proton decay form factors at the
relevant kinematic points Q2 ¼ −m2

l by computing them
at three small values of the lepton 4-momentum squared
jQ2j≲ 0.15 GeV2 and performing linear interpolations.
Form factor values are reported at the kinematic points
with an electron and a muon in the final state, although the
differences are insignificant. Our results are nonperturba-
tively renormalized using a variant of SMOM scheme
suitable for our coarse lattice spacings and converted to the
MS scheme usingOðα3SÞ perturbative calculations, which is
expected to have only negligible systematic uncertainties.
We find no signs of mixing between operators constructed
from chiral fermion fields; absence of such mixing indi-
cates that chiral symmetry is preserved in our calculations.
We compare our results to earlier studies in Fig. 14,

where we show results from direct and indirect calculations
of the p → πl̄ and p → Kl̄ proton decay amplitudes
(assuming ml ≈ 0). Our results are in very good agreement
with earlier direct calculations that used dynamical domain
wall quark action at heavier pion masses [42]. Also,
our results are in reasonable agreement with quenched

FIG. 14. Comparison of our results (“NEW”) for the proton
decay amplitudes W0ð0Þ computed directly (filled symbols) and
indirectly (open symbols) to previous determinations [38,40,42].
All results are renormalized to the MSð2 GeVÞ scheme.

FIG. 13. Continuum Oða2Þ extrapolations of the proton decay
constants (−α) and β.

JUN-SIK YOO et al. PHYS. REV. D 105, 074501 (2022)

074501-22

Blue solid symbols are the current best estimate
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MS scheme usingOðα3SÞ perturbative calculations, which is
expected to have only negligible systematic uncertainties.
We find no signs of mixing between operators constructed
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cates that chiral symmetry is preserved in our calculations.
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uncertainties are comparable to those in the direct deter-
mination of the proton decay form factors W0.

V. DISCUSSION

The main finding of our paper is that proton decay
amplitudes are not suppressed as the quark masses
decrease and approach their physical values, and thus
findings in previous lattice calculations (e.g., Ref. [42])
are valid. Using physical quark masses and absence of
chiral extrapolation have resulted in a dramatic improve-
ment of precision, yielding results that are perfectly
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suppression of proton decay amplitudes due to nonper-
turbative QCD dynamics, as suggested in Ref. [33], is
unlikely, at least at the physical u-,d-quark masses, and the
stringent constraints on the grand-unified Theories remain
unchanged.
In this work, we have used the Nf ¼ ð2þ 1Þ-flavor
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cal quark masses on a lattice to compute transition matrix
elements from proton to pion or kaon (“direct method”).
We have omitted the η-channel decay amplitudes because
they require evaluation of disconnected contractions to the
two- and three-point functions, without which the results
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mination of the proton decay form factors W0.
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Preliminary PACS results of proton decay FF 
 W0 (MS,2GeV)

• First Wilson fermion physical point (preliminary) results


• compared with DWF (RBC 2017, RBC 2022(physical point, continuum))

• (L)QCD parity invariance:


• 


• 


• PACS yet to do:


• discretization error est.


• no large error expected


• Consistent with DWF

WLR
0 = WRL

0

WRR
0 = WLL

0



Summary and outlook



Summary and outlook
• proton decay FFs till 2017 may suffer from chiral extrapolation error  
• Now we can do computations on physical mass (no extrapolation)

• aiming to remove final loose end
• Using PACS Wilson ensemble

• RI/SMOM non-perturbative renormalization schemes applied
• robust against SSB and mass effect

• W0 (p→π0), LEC α and β consistent with DWF(2017) [preliminary]
• RBC/UKQCD with domain wall fermion

• New renormalization scheme help reduce the systematic error
• W0 (p→π0), LEC α and β consistent with DWF(2017)
•→ No chiral limit surprise!  ←→ Martin & Stavenga (skirm chiral bag)

PACS analysis to be finalized, envisioning comparable /better accuracy
plan to use PACS10c configurations w/ continuum scaling study
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use of RI/SMOM schemes [for PACS analysis]

• original NPR for proton decay


• wave function renormalization from (axial) vector currents with 
exceptional momentum configuration


• which is sensitive to low energy parameters like mass


• RI/MOM defined m → 0; we have only physical point 0 ≃ mud ≪ ms


• new attempt using SMOM schemes for wave function


• 3q vertex has not been using exceptional momenta


• now no exceptional momenta at all


• safer to use with physical point ensemble


• matching from SMOM schemes to MSb to NLO available


• (wave function renormalization known to NNLO, 3q unchanged)



RI/SMOM procedure for proton decay operators

• calculate 3q vertex: same momentum p injected from all quark legs


• cancel the wave function renormalization by dividing with local vector or 
axialvector vertex in SMOM schemes with proper power


• this will provide:   ZND/ZA3/2,  ZND/ZV3/2


• take ZA, ZV factor away by inputting those calculated in SF scheme


• ZND (SMOM) matched to MSb and ran to 2 GeV by NLO PT


• final value and error estimate:

• error from truncation of PT,  (pa)2, contamination of SSB


• center = (max+min)/2,    error = (max-min)/2

• max, min determined in


• (pa)2 linear extrapolation:   4 vales: (A,V) x (SMOM, SMOMγμ)

• scatter of all data in the window 2-3 GeV



Lattice setup: input and output

2+1 flavor lattice QCD computation parameters: 

gauge coupling,  mud(degenerate), ms 

Monte Carlo simulations are done at ms(sim)≈ms(phys), mud(sim)>ms/5 

small mass is demanding: cost  ∼1/mx:  x>1 

at a fixed gauge coupling, tune m’s so that it reproduces ratios of π, K, Ω- mass. 

π, K:  quark mass dependence best known: NNLO ChPT / analytic also tested 

Ω-(sss): no pion chiral logs at NLO: safe to apply linear chiral extrapolation 

all other quantities are predictions, ex: 

fπ=124.1(6.9)MeV ↔ 130.7(0.1)(0.36)[exp],  fK/fπ=1.205(18) ↔ 1.223(12)[exp] 

one lattice spacing,  estimate of O(a2) systematic error was added.  

quark masses, BK... 

➡ continuum limit results available: [RBC/UKQCD PRD83(11)074508, PRD84(11)014503]

[RBC/UKQCD PRD78(08)114509]



proton decay form factor W0 for pion final state

Relevant form factor W0 <π0|(ud)RuL|p> as an example

• from ratio of 3 and 2 point functions

• meson momentum


• |W0| ~20% smaller than DWF (with a long chiral extrapolation) at q2=0


• consistent with sys. error !  no big surprise found for mf→mud


• 10% total error is not a dream…
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