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Fluctuations on all length scales

* Fluctuations are ubiquitous phenomena emerging on all length scales.
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Thermal fluctuations and critical point

 Thermal fluctuations can be described by EOS dealing with large number
of DOFs in equilibrium.

» Fluctuation correlation length & diverges at the critical point.
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Fluctuations in hydrodynamics

 Hydrodynamic fluctuations: locally thermalized thermal fluctuations
comoving with fluid, may not equilibrate at large scales, described by a
et of conservation equations
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Hydrodynamic description of QGP

* Quark-Gluon Plasma in heavy-ion collisions: small enough for fluctuations
to be important; and /large enough for hydrodynamics to be applicable.
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Stochastic process in HIC

 Observables fluctuate event-by-event.

« Beam Energy Scan: 7.7-200 GeV (phase |), and 3.3-19.6 GeV (phase ll).
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Probability distribution for fluctuating variables

* Fluctuations can be described by probabillity distribution P[y] and its
associated cumulants (or correlation functions).
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Cumulants and critical point

* In thermodynamics, higher-order cumulants are more sensitive to the

correlation length & which diverges at critical point. sipnanoy 0s00.3450, 1104.1627
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Various theoretical approaches

« PDEs (bottom-up like) * EFTs (top-down like)
Starting from phenomenological Starting from effective action with
equations with required properties first principles
e.g., Langevin equations in stochastic e.g., Martin-Siggia-Rose (MSR), Schwinger-
description, Fokker-Planck (FP) Keldysh (SK), Hohenberg-Halperin (HH), n-
equations in deterministic description. particle irreducible (nPl), etc.
Akamatsu et al, 1606.07742 Glorioso et al, 1805.09331
Nahrgang et al, 1804.05728 Jain et al, 2009.01356
Singh et al, 1807.05451 Sogabe et al, 2111.14667

Chattopadhyay et al, 2304.07279 Chao et al, 2302.00720



Stochastic and deterministic description

* Fokker-Planck equation

* Langevin equation
(probability evolution equation):

(Newton’s equation + noise):
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Correlator evolution equations

* Evolution equations for n-pt correlators G, = (¢...0p) = Jdl//P[l//] ¢...¢
where ¢ = v — (W) @ xaetal, 200010742, 221214029 n n

0th=aC}/[l//,G2,G3,.. G G_|_1,... GOO]

(with all combinatorial configurations)
useful for higher order cumulants

Stochastic: Deterministic:
One equation -— One sample

Millions of samples Millions of equations
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Truncated evolution equations

« Power counting in loop expansion parameters ¢ ~ (g€)° (inverse number of
uncorrelated cells in fluctuation scales): xa et a1, 200910742

G ~ "1 F~1, O~ €.

n

» Correlator evolution equations can be truncated and iteratively solved:
0,G, = F |y, Gy, Gy, ..., G, | + O(e")

(—8) = — + —I®

conventional hydro equations one loop (renormalization & long-time tails)

(—8—) = Deo—+ —
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Multi-point Wigner function

e For fluctuation fields, we introduced n-pt Wigner function xa et a, 2009 10742

. |3 3. —(igyi+.. i V1T Ty .
W (x;qq,...,q,) = Jd yi...d>y, e (g y1+---+1g,y,) §G) ( . ) G,(X; V(5 .., V,)
Aot A q1+ %+ +9,=0
Q1 qn
4>
y-spacc g-space
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Application: charge diffusion near critical point

° Simple Charge diffusion problem: xa et a1, 2009.10742

oon=ViVa+n  nnQy)) =2VIIVO§E(x - y)

quantities general diffusive charge
variable Y; n(x)
variable index 1, 7, k, etc. T,Y, z, etc.
Onsager matrix Qi VAV, 5&2
drift force F; V. AV .«

n = charge density; A = conductivity; a = chemical potential
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Application: charge diffusion near critical point

* Charge diffusion near QCD critical point: memory effect xa 2209.15005

evolution trajectory
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Schwinger-Keldysh approach

e SK formalism

Schwinger Keldysh

/ = nglngg@%l@%zeilo(lﬂl J) — iy (W, ) — J"QZWIQZWZe”TgEFT

* The effective Lagrangian is constructed following fundamental symmetries:
Glorioso et al, 1805.09331; Jain et al, 2009.01356

1

gEFT(l//r ) Wa) — '/jaQ_l(F o l//r) T il//aQ_ll//a where Vr = 5 (l//l WZ)’ Yo=¥1—Y

ot 0
Ply] = J Dy, Dy, Jy,) e == e L9 Ply] = — (flux[y])
y, =y () oy
XA et al, in progress
16



Relativistic dynamics

Eulerian specification Lagrangian specification
more often used in non-relativistic theory more convenient for relativistic theory
~

/x u = u(y)
0, +v-V)y, = ... u-oy, =...
0,+v-V)G, =... u-0G, = ...
There is a global time for every observer. Each fluid cell has its own clock (proper time).
All n-pt correlators G, can be measured How to define the analogous equal-time

at the same time of the same lab frame. correlator G,, in relativistic theory?
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Confluent formulation: correlator and derivative

* Confluent formulation: covariant description for the comoving fluctuations.
XA et al, 2212.14029

Confluent correlator G Confluent derivative V

) n
u(x1) /A (o) \u(x / A(,Xn-x)\ u(xn)

/[\ u(x)
A(x2-x)
G (x+Ax)
u(x2) ° 5 % / A(Ax)
° X
/% ‘ A(AX) B (x-+Ax)

(a) (b)

u(x+Ax)

as the n points move, the frame at midpoint moves

boost all fields (measured at their own accordingly, the difference of a given field before
local rest frame) to one common frame and after the movement is calculated in one same
(chosen at their midpoint) frame, with the equal-time constraint preserved by

introducing the local triad e/ with a = 1,2,3
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Confluent formulation: Wigner function

« The contluent n-pt Wigner transtorm is performed from y“ = ¢, y* to ¢“

XA et al, 2212.14029

- —1q. Vi | % a ~ a a
Wn(x;qla---,qn)=JH(d3 e qlay’)5(3) (;i_zlyi>Gn(x+eay1,...,x+eayn)
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Fluctuation evolution equations

* Fluctuation evolution equations in the impressionistic form: xaetai, in progress

IW, =icqW,—..)+rqg*"(W,— ..)+kW,+... where Z=u-V +f-V,

for which the solutions match thermodynamics with entropy S(m, p, u,, 1),

where m = s/n and » is a Lagrangian multiplier for u* = — 1.
- O~ —Om 0w wOwm  MOW  MOMm
Wom — Wop Wour — Won W W W
AoA A A A
e, 0% 0% ﬁg‘q ﬁgn
Womm — Womp — Wopp — Wopp  Wow  Wow  Wiwa

NB: given ¢ = (om, op, du, ), one can derive 21+56+126=203 equations for the 2-pt, 3-pt
and 4-pt functions— —bite off more than one can chew!
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Rotating phase approximation

e n-pt functions are analogous to n-particle states lying in the Fock space. One
can choose a set of new bases s.t. the ideal hydro equations are diagonalized:

Do 5m D, 5m
b=|d =] ——— o=|0. |~ [t W[ =12
¢,M 5uﬂ (D(l) t(l) - OU
,\ I -
VA A&7 " RPA: fast modes are averaged out
loyv & N 16 over time scales 1/c,g < At < 1/yg°.
L
, 1: [2) 3-space perpendicular to u(x)
9>
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Slow modes

» Under RPA, slow modes are n-pt functions W (g, ..., q,) subject to

Z Mg) =0 where A.(q9)==xclql, 1,(@) =21;(q) =0.

=1

E.g., W,._(q;,9,) is a slow mode since 4,.(q;) + 1_(q;) =c,(|g;| = 1g,1) = 0.

As a result, there are only 7+10+15=32 equations.

E.g., for 2-pt functions the slow modes are W

mm?

 Phonon interpretation:
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Kinetic picture (from Schaefer)

NB: there is no analogous phonon interpretation for non-Gaussian fluctuations.
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Fluctuation feedback

* Hydrodynamic fluctuations renormalize bare quantities order by order In
gradient expansion.

W(q)
ot = 7O + T+ T + ... + 6T,,({G,}) /
= TN + T + T /
+T52 + TG + T + ... \‘/

M q

where G (x) = Jd3q1...d3qn5(3)(q1 + ...+ q) )W (x,q,....q,)

Long-time tail due to n-pt functions is of order ¢"~! ~ g?*=D ~ f3n=D72
the leading k*? behavior results from 2-pt functions (via —I_ ®).

23



Recap

e Various approaches for fluctuating hydrodynamics are developed, with
their own advantages and disadvantages.

* QOur framework for fluctuations dynamics now incorporates non-Gaussian
fluctuations of fluid velocity.

Outlook

* Need efforts to simulate the fluctuation equations with background.

 Need freeze-out prescription for the connection to observables.

e More...
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