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The static path approximation to the partition function of a nucleus is studied for Hamiltonians
with quadrupole-quadrupole
interactions. The static path approximation yields a higher level denHartree theory due to a better treatment of the deformation degrees
sity than the finite-temperature
of freedom. The level density is further increased when the nucleus has a static deformation. Comparing with the exact partition function of the Elliott SU(3) model, the static path approximation is
found to be remarkably accurate and far superior to finite-temperature Hartree theory.
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INTRODUCTION

We have recently suggested that the statistical mechanics of nuclei might be better described by a certain approximation in a functional integral formulation than by
Hartree-Pock
conventional
finite-temperature
the
see also Ref. 3. The functional integral we emtheory
representation of the
ploy is the Hubbard-Stratonovich
partition function, which is a path integral in the space of
single-particle potential fields. The approximation, introduced to condensed matter physics in Ref. 4, is to integrate only over static potential fields; we call this the
static path approximation (SPA). It makes a tractable
theory for dealing with the hundred or so particles that
constitute a nucleus, provided the residual interaction is
represented by a few separable terms. The computational
diKculty would only be somewhat larger than required
Hartree calculations,
for systematic finite-temperature
but since this is already large it is important to test the
static path approximation on simplified models before
proceeding with the numerical program.
In our previous work we investigated the theory using
a pairing Hamiltonian, and found very encouraging results. Deformations and rotational degrees of freedom
are also an important aspect of nuclear dynamics, and in
this work we want to see how they afFect the statistical
properties of nuclei. Empirically, deformed nuclei exhibit higher level densities due to the rotational degrees of
freedom: ' We will show in the next section qualitatively
how this enhancement emerges from the path-integral
formulation.
It will also be shown that the SPA level
density is higher than that of Hartree theory even when
the nucleus is spherical.
In order to test the approximation, it is necessary to
compare with a model that can be exactly solved. The
partition function for Elliot's SU(3) model can be evalu-
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ated for various shells of interest, and we use this as our
testing ground. The details are presented in the third section. We find that the static path approximation describes the level density very well, unlike the Hartree approximation, which we also consider for comparison purposes. However, the static path approximation does not
produce the lowest part of the energy spectrum. This is
the major efFect of the truncation of the paths, that the
highly correlated low states are efFectively absent from
the partition function.
In Sec. IV we apply the SPA to a more realistic Hamiltonian, with single-particle wave functions and energies
appropriate for the 3 -60 mass region. This demonstrates the feasibility of the method for a more realistic
situation than we could achieve with the SU(3) model,
where the single-particle levels are all degenerate. We
also find here that the level density in SPA is much
higher than in Hartree theory.

II.

SPA FOR THE QUADRUPOLE HAMILTONIAN

We believe that a Hamiltonian whose interaction part
is of the pairing-plus-quadrupole
type can be realistic
enough to describe the level densities. We write this as

H =Ho

——
'yQ

Q

—GP P

.

quadrupolar single-particle operator and P
annihilating a pair of particles. Ho is the
single-particle Hamiltonian, which would be determined
from the single-particle spectrum of a realistic potential
well. The partition function is expressed as a functional
integral over the amplitudes of the pairing field and of the
five components of the quadrupole field. The static path
approximation to the integral is given by the following:

Here Q is a
P'deaf
is the operator
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we use a somewhat more realistic quadrupole interaction
than the multipole interaction of Eq. (1). The selfconsistent surface response in the semi-infinite slab model
is given by

co
COp

In this equation P and y are the usual deformation parameters, g and 8 are orientation angles, and b, is the
pairing gap. Also M is the mass of a nucleon and mp is
the oscillator frequency for the orbitals.
The role of deformation can be seen qualitatively by
evaluating the integral with some analytically tractable
For this purpose we
approximation to the integrand.
the single-particle
and quadrupoleonly consider
quadrupole terms of the Hamiltonian (1). The integrand
is independent of orientation in the absence of external
fields, so the two angular integrations can be performed
immediately.
We also anticipate a mild dependence on
axial asymmetry y to integrate out this variable. The
remaining dependence on P and T is conveniently expressed by defining a free-energy-like quantity F (I3, T):
exp

—aP

2T

H'(P) /T—
]I

tr I exp[

= exp[ F(P, T)/T—] .
We now assume that
write

F can

be expanded in powers

(3)

of P to

F (I3, T) =co( T)+ ,'c2( T)(P —Po)—
Here Po is a constant giving the static deformation in
Hartree theory. The integration can be done easily in
two limiting cases, pa=0 and po&) QT/c2. In the first
case, the partition function becomes
'

Z, ph( T) =

5/2

exp(
C2

co /T )

(4)

This is to be compared with the partition function in the
Hartree theory, which is simply

Z~=

exp(

co/T) .

—

Thus the static path partition function differs from the
Hartree one by a prefactor, even in the case when the
solution is spherica1.
It is interesting to examine more closely the origin and
magnitude of this factor. The level density is given by
the inverse Laplace transform of Z and will effectively
contain the same factor. %'e expect more states with the
static path approximation because the nucleus is not fixed
at a given deformation. The extra low-lying states are
not well described by single-particle excitations within a
fixed Hartree field„but require shape changes and rearrangement of the particles to make a 1ow state in the new
field. The softer the nuc1eus is to deformations, the larger
will be this effect. To estimate the effect quantitatively,

V( ~r

dU
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where ~ —
0. 63 MeV

'fm . Here U is the static meanThe quadrupole component of the selfconsistent surface interaction is extracted by replacing
the semi-infinite geometry with a spherical surface, substituting for the transverse delta function,
field potential.

L

With the above interaction,
path integral is

——
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the integrand

H(P, y )—
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P tr ( exp[

in the static

I,

where H(P, y) is given by Eq. (17). Thus the coefficient a
in Eq. (4) becomes a =R /ir. . The other constant c2 can
only be determined by a systematic mapping of the potential energy surface. However, except for kinetic contributions to the stiffness parameter, the result averaged over
many nuclei should match the liquid drop deformation
This is given by c2 =4R o. where a. —j.
potential.
MeV/fm
is the surface tension, and the Coulomb interaction has been neglected. The ratio of partition functions is then found to be
5/2

R

Zsph

ZH

-0.25' 5"

Thus we find a large increase in the partition function associated with the shape fluctuations of a spherical nucleus. The effect grows with the size of the nucleus, because the liquid drop energetics allow more states for a
given energy cost in a large system.
We next examine the partition function for deformed
nuclei. When the static deformation is large, the /3 integration is approximated as

f
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yielding for the partition function
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The exponential factor is the same as in the other limits,
and the only difference is in the prefactor. This prefactor
is not we11 behaved; the T dependence leads to a negative
heat capacity in the limit where T~O. This was noted
also in Ref. 2; when the maxima of the integrand form an
n-dimensional surface in the space of deformation vari-

B. LAURITZEN AND G. BERTSCH

2414

ables, the prefactor diverges as T " for T~O. In the
present case, four of the five deformation coordinates are
cyclic, producing the power T . As a practical matter,
the heat capacity becomes negative only at the lowest
temperatures.
Despite the pathology, we will see later
that the partition function is quite accurate above the
lowest temperatures.
The peculiar T dependence when the free energy is independent of a coordinate is probably an intrinsic limitation of the static path approximation that should have
been expected. When a variable becomes free, i.e. , no
longer aA'ects the integrand, then classically there is an
infinite degeneracy of states in that degree of freedom. If
one were to make an improved treatment of the partition
function, one would find a kinetic energy associated with
that degree of freedom. The classical partition function
associated with a kinetic energy p /2m is (2mmT)'
This would introduce a factor T' canceling the singular
A1T dependence of the static path approximation.
though this argument seems quite plausible, we have been
unable to show how an approximation beyond the static
path would restore the correct temperature dependence.
We conclude this section with a numerical estimate of
the deformed nucleus enhancement.
In general, the deformed partition function is enhanced over the spherical
for each collective degree of freeby a factor (czPO/T)'
dom in which there is no restoring force. For axially
symmetric nuclei which can rotate freely in only two out
of the three Euler angles, the enhancement is given by
2

Zdef

c2po

Zsph

T

(10)

We evaluate this with the following parameters: T-0. 5
MeV; po-0. 3; and c2-70 MeV, which is appropriate for
3 —150 (Ref. 10). This yields Zd, f/Z, „h—12. 5. The
value should be compared to the enhancement of the level density by a factor o. z-35, as discussed in Ref. 6.
Here o.z measures the Auctuation of the X-quantum
with
the temperature
as
and increases
numbers
O. —
di6'erent
from
form
of
much
the
a
result
Eq.
z
(10). Of course, until the temperature dependence is
better understood, no conclusion can be drawn from this
comparison.

T',

III.

EXACT SOLUTION

of the free energy
From the simple parametrization
above, it was shown how deformation leads to an
increased level density. This is to be expected for a
theory that includes the co11ective rotational degrees of
freedom. In order to test the static path approximation
quantitatively we consider in the following Elliot's SU(3)
model, which is known to generate rotational motion.
of the quadrupoleThe exact energy spectrum
interaction may be obtained using group
quadrupole
theoretical methods. We write, for the Hamiltonian,

F(p, y )

Hg = —'xQ Q' Q„=&'I'2„
—,

and restrict ourselves to a single harmonic oscillator
shell. The single-particle energies are degenerate in the

shell and the many-particle
wave functions can be
classified according to the irreducible representations of
SU(3). The eight generators of unimodular unitary transformations in three dimensions are given by the Ave
quadrupole operators Q„zz o together with the angular
momentum
operators Lk. The irreducible representations of the group are labeled by two numbers (A., p) and
the states in each representation (A, , p) may be classified
according either to the eigenvalues of Lo and L or to the
eigenvalues of Lo and Qo.
Since the Hamiltonian (11) may be combined with L
to form the second-order Casimir operator of the group,
the first classificati. on is convenient for evaluating the exact energy spectrum,

"

Eg =

[A—2+p, +Ap+3(k+p)
,'yq2—

—'L (L +1)],
—,

1/2

q=

5

(12)

M coo
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The quadrupole Hamiltonian (11) is seen to generate rotational motion, and the coe%cient in front of the angular
momentum in (12) is given by the rigid-body value of the
moment of inertia, when self-consistency between deformation and potential is required. In the calculations
presented, we use the value
8A
=X„„35.

'gq

—,

MeV,

')
'(N + —
3 =—

(13)

which takes into account the polarization of the core. A
renormalization factor
is introduced, which is equal
to 1 when both protons and neutrons are considered and
equal to 2 when only one kind of particles is present.
In a given oscillator shell of s spatial dimensions, the
many-body states are characterized by the irreducible
representations
of
the group of unitary transformations in s dimensions. The partition [ ] denotes the
partic1e symmetry, and the eva1uation of the energy spectrum amounts to a decomposition of
into the SU(3)
classifications, U, &SU(3). For this we have used a code
by Draayer. '- The decomposition of the (A, , p) set into eigenvalues of Lo and L is given in Ref. 7. Finally, the
spin-isospin wave functions are formed that produce totally antisymmetric states when combined with the spatial wave functions.
The second classification of (A, , p) in terms of Lo and
Qo is useful for calculating the Hartree approximation to
the ground state. For this classification a third quantum
number (A) is required to uniquely determine the state.
In each representation (A., p, ) the eigenvalues of Qo are
given by

X„„

[f]

U„

f

[f]

(Qo) = ,'qe,

e=2—A,+p, 2A, +p

—3, . . . , —X —2p,

.

(14$

„.

When the nucleus is axially symmetric, the Hartree approximation to the ground state of the Hamiltonian (11)
is then obtained from the maximum value of ( Qo ),

EH=

—'y(QO) = —'yq
—,

—,

(A,

+ ,'p +Ay),

—(15)

This energy lacks the linear terms in A, , p as compared to
the exact ground-state energy (16). Since the maximum
values of A, and p increase rapidly with the particle num-
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FIG. 1. Energetics of the Elliott SU(3) Hamiltonian, for 15
particles in the gds major shell. The solid line shows the expectation of the energy as a function of temperature from the exact
solution of the SU{3) Hamiltonian. The dashed and dotted lines
respectively.
show the SPA and the Hartree approximation,
Note the pronounced phase transition in the Hartree theory,
which is completely absent in the true Hamiltonian or the SPA.
ber in the shell, the Hartree result (15) is a good approximation only for large shells. The static path approximation to the ground state does no better that the Hartree
and consequently
does not give the
approximation
correct energy.
For our numerical comparison of the difterent treatments of the SU(3) Hamiltonian, we shall consider 15
particles in the Og-1d-2s major shell. For technical
reasons, we consider states of one kind of particle only, so
that the permutation partition has at most two rows.
The dimensionality of the space is 2 -10 many-particle
states of the grand canonical ensemble. The results are
summarized in Figs. 1 and 2. Figure 1 shows the energy
as a function of temperature. The Hartree theory shows
an abrupt change in the specific heat at
5 MeV,
which is the phase transition from deformed to spherical.
In contrast, the actual energy varies quite smoothly as a
function of temperature
there is not even a hint of a
phase transition. The SPA reproduces the actual behavior very well. The level density is calculated from the
partition function using the saddle-point approximation
to the inverse Laplace transform, as described in the next
section. There is similarly excellent agreement between
the SPA and the level density from the exact partition
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FIG. 2. Level densities for the Elliott SU(3) Hamiltonian, as
in Fig. 1. The SPA is seen to be far superior to Hartree, provided the absolute energy scale is established.
function, which may be seen from Fig. 2. Again, the
Hartree theory has far too low a level density.
However, the good agreement between SPA and the
exact level density only extends over the region of energies in which states are obtained. Thus, the region within
2 MeV of the ground state is incorrectly described by either SPA or Hartree theory. The sources of the additional correlation energy in the ground state are discussed in
the Appendix.

IV. A NUMERICAL EXAMPLE
In this section we will illustrate the technique calculatZn. The singleing the level density of the nucleus
particle Hamiltonian is determined from a %'oods-Saxon

—270
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r

Nsh=3, Zn64, Xren=1. 6

—

TABLE I. Neutron levels in the nucleus Zn, determined as
of the Hamiltonian
eigenfunctions
{16), with parameters

I
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FIG. 3. Comparison of the static path and Hartree approxiHamiltonian with realmations for the pairing-plus-quadrupole
istic single-particle energies. The Hartree and SPA agree at low
temperatures, since the Hartree minimum dominates the integrand in the SPA integration. Note that the Hartree energy
increases more rapidly with temperature than does the SPA energy.
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potential of standard form,
Hp

2

=

+ Vpf (x)+ Vi, o"lf '(x)/ar,

(16)

f

'~ )/a.
where
(x)=1/[1+exp(x)] and x =(r r—
p A
The well parameters and single-particle eigenvalues are
quoted in Table I.
We take the residual interaction to be of the surface
coupling form (6) rather than a pure multipole. To take
into account the polarization of the core, the interaction
strength has been renormalized by a factor 1.6. In this
preliminary study, we drop the pairing term in Eq. (1).
The single-particle Hamiltonian is then given by

H (13 1 ) =Hp

dU

PR

[cos&

Ypp
I

+siny

(

The first step in the evaluation of the HubbardStratonovich integral is to diagonalize the deformed
single-particle Hamiltonian on a grid points in the (P, y)
plane. The trace in Eq. (2) is then evaluated over an additional grid of points in the temperature and the two
chemical potentials for protons and neutrons, according
to the formula

[H (13, y ) —p—
„N—p~ Z] /T

tr [ exp [

(

1+

and protons are determined

ZN

Pr]/T)—

I, g=n, p

where the index i ranges over the single-particle eigenvalues. The integral for the partition function is now performed numerically over the mesh in the (P, y ) plane.
The energy as a function of temperature is determined
from the numerical differentiation,

I

I

0.2

0. 3

FIG. S. Free-energy surface for the Zn example, at a temperature of 0.2 MeV. Contours are shown at 1-MeV intervals.
There is a broad minimum at P-0. 2 which is very soft in the y
degree of freedom.
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z)/v'2] . (17)

Y~~+ Yz

from the relations

=Td lnZ
dpp

n

The quantity of most direct interest is the level density as
a function of energy. The level density is evaluated from
the inverse Laplace transform of the partition function.
We use the saddle-point approximation here to obtain the
formula

p(Np,

N„,E) =

Z(p~, p„,l/T)exp[(E

(2' )

—p

Z

p,

lnZ
E(T)= —dd 1/T
+p„N+p~Z .

(20)

for neutrons

In the same way, the chemical potentials
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FIG. 4. Level densities in the Zn example. The major
difference is a higher level density in the SPA. This is essentially explained by Eqs. (4) and (S).

O. O

O. I

0.2

0.5

FICx. 6. Free-energy surface as above, with the temperature
increased to 2 MeV. The minimum has now moved to the
spherical shape.
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where D is the 3 X 3 determinant
matrix

of the second derivative

d Z(x)
dx] dx~
with

x =(I/T, p~/T,

We believe that a global study of nuclear levels densities is now possible, and is warranted by the successful
tests of the SPA which we presented here. We hope to
continue along this direction.

p„/T).

The results for Zn are shown in Figs. 3 —6. The calculations were done using a grid with mesh points
separated in P by 0.05. Figure 3 shows the relation between energy and temperature, comparing the SPA with
Hartree theory. Both theories have
finite-temperature
identical energies at zero temperature. The actual energy
of the system is, of course, lower because correlations are
neglected. The Hartree energy increases more rapidly
than the SPA energy. This higher
with temperature
specific heat is an indication of the more pronounced
phase transition in Hartree theory. In Fig. 4 we show the
corresponding level density, as calculated from Eq. (20).
The level density in the SPA is higher by a factor of
argument
50 —1000. This confirms the qualitative
presented earlier, that the prefactor in the level density
would be much higher.
Figures 5 and 6 show contours of the free energy F
from Eq. (3), in the (P, y) plane. In Fig. 5, the contours
are shown for a temperature of 0.2 MeV. Here the Hartree state is deformed, and the free-energy surface is seen
to be rather soft in the y degree of freedom. The surface
at a temperature of 2 MeV is shown in Fig. 6. The
minimum has moved to a spherical shape, thus in Hartree theory a phase transition has occurred. These contour plots may be used to obtain the free-energy stiffness
c2, which comes out to be somewhat larger than the
liquid drop stitfness used in the estimate (8). The lack of
agreement could arise from a number of sources, for example an inadequate model space or incorrect renormalization factor.
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APPENDIX

In Sec. III we demonstrated that the SPA provides an
accurate approximation to the nuclear level density at
moderate arid high excitation energy, but fails close to
the ground-state energy. Since level densities are measured as a function of excitation energy, the SPA becomes useful only when the energy shift between the exact ground state and the Hartree ground state is known.
In this appendix we examine the origin of the groundstate correlation energy in the framework of the Elliott
SU(3) model. In the Elliott model, the ground state may
be obtained from the Hartree state by angular momentum projection on L =0. The energy shift 5E has contributions from the exchange term neglected in evaluating
the Hartree energy and from the average rotational energy of the deformed state,

5E =5EF +5EI

(21)

The rotational energy is given by
(22)

V. CONCLUSION
Zn demonstrates the technical feasiOur study with
bility of using the SPA in Hamiltonians with realistic
single-particle energies. The comparison of the SPA with
the Elliott SU(3) model shows that the approximation is
an excellent one, provided the ground-state correlation
energy can be estimated by other methods.
The qualitative results of the comparison with the Hartree approximation are twofold. First, there is a much
higher level density than Hartree theory predicts. This
was expected, and is due to the fact that shape degrees of
freedom are soft and their fluctuations are ill treated by
Hartree theory. The second result is that Hartree theory
predicts much too sharp a phase transition between
spherical and deformed shapes. This has been noted earconstruction of the
lier using a more phenomenological
free-energy surface. '
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