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Ab Initio CALCULATIONS OF L IGHT NUCLEI

GOALS

Understand nuclei at the level of elementary interactions between individual nucleons, including

• Binding energies, excitation spectra, relative stability

• Densities, electromagnetic moments, transition amplitudes, cluster-cluster overlaps

• Low-energyNA &AA′ scattering, asymptotic normalizations, astrophysical reactions

REQUIREMENTS

• Two-nucleon potentials that accurately describe elasticNN scattering data

• Consistent three-nucleon potentials and electroweak current operators

• Accurate methods for solving the many-nucleon Schrödinger equation

RESULTS

• Quantum Monte Carlo methods can evaluate realistic Hamiltonians accurate to∼1–2%

• About 100 states calculated forA ≤ 12 nuclei in good agreement with experiment

• Applications to elastic & ineleastice, π scattering,(e, e′p), (d, p) reactions, etc.

• Electromagnetic moments,M1,E2, F, GT transitions calculated

• 5He =nα scattering and3 ≤ A ≤ 9 ANCs and widths



NUCLEAR HAMILTONIAN
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Wiringa, Stoks, & Schiavilla, PRC51, 38 (1995)

Op
ij = [1, σi · σj , Sij ,L · S,L2,L2(σi · σj), (L · S)2]

+ [1, σi · σj , Sij ,L · S,L2,L2(σi · σj), (L · S)2] ⊗ τi · τj

+ [1, σi · σj , Sij ,L · S] ⊗ Tij

+ [1, σi · σj , Sij ,L · S] ⊗ (τi + τj)z

Sij = 3σi · r̂ijσj · r̂ij − σi · σj Tij = 3τizτjz − τi · τj
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Elab ≤ 350 MeV with χ2/datum = 1.1 plusnn scattering length &2H binding energy
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Uses 42Ip, P p,Qp,Rp parameters [ constrained so thatvt(r=0) = 0 &
∂vp 6=t

∂r
|r=0 = 0 ]

plusfπNN coupling strength & one cutoff parameter inYπ(r), Tπ(r).



THREE-NUCLEON POTENTIALS

UrbanaVijk = V 2πP
ijk + V R

ijk

Carlson, Pandharipande, & Wiringa, NPA401, 59 (1983)

Illinois Vijk = V 2πP
ijk + V 2πS

ijk + V 3π∆R
ijk + V R

ijk

Pieper, Pandharipande, Wiringa, & Carlson, PRC64, 014001 (2001)

Illinois-7 has 4 strength parameters fit to 23 energy levels inA ≤ 10 nuclei.

In light nuclei we find (thanks to large cancellation between〈K〉 & 〈vij〉):
〈Vijk〉 ∼ (0.02 to 0.07) 〈vij〉 ∼ (0.15 to 0.5) 〈H〉

We expect〈Vijkl〉 ∼ 0.05 〈Vijk〉 ∼ (0.01 to 0.03) 〈H〉 ∼ 1 MeV in 12C .



VARIATIONAL MONTE CARLO

Minimize expectation value ofH

EV =
〈ΨV |H|ΨV 〉
〈ΨV |ΨV 〉 ≥ E0

using Metropolis Monte Carlo and trial function

|ΨV 〉 =
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• single-particleΦA(JMTT3) is fully antisymmetric and translationally invariant
• central pair correlationsfc(r) keep nucleons at favorable pair separation
• pair correlation operatorsUij =

P

p up(rij)O
p
ij reflect influence ofvij

• triple correlation operatorUijk added whenVijk is present
• multipleJπ states constructed and diagonalized for p-shell nuclei
• ability to construct clusterized or asymptotically correct trial functions

ΨV are spin-isospin vectors in3A dimensions with∼ 2A
`

A
Z

´

components

Lomnitz-Adler, Pandharipande, & Smith, NPA361, 399 (1981)
Wiringa, PRC43, 1585 (1991)



GREEN’ S FUNCTION MONTE CARLO

Projects out lowest energy state from variational trial function

Ψ(τ) = exp[−(H − E0)τ ]ΨV =
X

n

exp[−(En − E0)τ ]anψn

Ψ(τ → ∞) = a0ψ0

Evaluation ofΨ(τ) done stochastically in small time steps∆τ

Ψ(Rn, τ) =

Z

G(Rn,Rn−1) · · ·G(R1,R0)ΨV (R0)dRn−1 · · · dR0

Mixed estimatesused for expectation values

〈O(τ)〉 =
〈Ψ(τ)|O|Ψ(τ)〉
〈Ψ(τ)|Ψ(τ)〉 ≈ 〈O(τ)〉Mixed + [〈O(τ)〉Mixed − 〈O〉V ]

〈O(τ)〉Mixed =
〈ΨV |O|Ψ(τ)〉
〈ΨV |Ψ(τ)〉 ; 〈H(τ)〉Mixed =

〈Ψ(τ/2)|H|Ψ(τ/2)〉
〈Ψ(τ/2)|Ψ(τ/2)〉 ≥ E0

• Cannot propagatep2, L2, or (L · S)2 operators⇒ useH ′ = AV8′ + Ṽijk

• Fermion sign problem would limit maximumτ , but ...
• Constrained-path propagationremoves steps that haveΨ†(τ,R)ΨV (R) = 0

• Multiple excited states of sameJπ stay orthogonal

Pudliner, Pandharipande, Carlson, Pieper, & Wiringa, PRC56, 1720 (1997)
Wiringa, Pieper, Carlson, & Pandharipande, PRC62, 014001 (2000)
Pieper, Wiringa, & Carlson, PRC70, 054325 (2004)



EXAMPLES OF GFMC PROPAGATION
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with Illinois-7

GFMC Calculations

•  IL7: 4 parameters fit to 23 states
•  600 keV rms error, 51 states
•  ~60 isobaric analogs also computed
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GFMC Calculations

Including IL7 gives
•  correct s.-o. splitting & 10B g.s.
 



1st AND 2nd (HOYLE) 0+ STATES IN 12C

Constructing the Jastrow part of the trial wave function is major effort:

• There are 5LS-basisJ=0+ states in12C in the 0P shell:
1S[444],3P[4431],1S[4422],5D[4422],3P[4332]

• All can be constructed by projections from a closed(p3/2)8 shell (Carlson)
• Dominant3-α symmetry is easily constructed with oneα in the0S shell and twoαs in the

0P shell (Pandharipande)
• Additional components generated by promoting one wholeα to the1S-0D shell, and also

promoting pairs, e.g.,0P 20D2 and0P 21S2

• Total of 11 Jastrow components (some with considerable overlap) to be diagonalized

Challenge in GFMC propagation is keeping the 2nd state orthogonal to the ground state

UNEDF SciDACgrant to develop

general-purpose load-balancing library

(ADLB) to run under MPI on 32,768 nodes

with OpenMP for 4 cores/node

INCITE grant of Argonne’s IBM

BlueGene/P time used for calculations



1st AND 2nd (HOYLE) 0+ STATES IN 12C – PRELIMINARY

Convergence as a function of imaginary time (τ )
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g.s. energy 2nd 0+ E∗

VMC GFMC Expt. VMC GFMC Expt.

AV18 –44.9(2) –73.2(5) 10.0(3) 7.9(6)

AV18+IL7 –65.7(2) –93.3(4) –92.16 14.7(2) 10.4(5) 7.65



1st AND 2nd (HOYLE) 0+ STATES IN 12C – PRELIMINARY
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Central density dip for ground state may be interpreted as threeα’s in a triangle

Central density peak for Hoyle state may be evidence for a linear configuration of threeα’s

Lusk, Pieper, & Butler, SciDAC Review Spring 2010



SINGLE-NUCLEON DENSITIES

ρp,n(r) =
X

i
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4He 1.45(1) 1.45(1) 1.67(1) 1.681(4)*
6He 2.86(6) 1.92(4) 2.06(4) 2.060(8)†

8He 2.79(3) 1.82(2) 1.94(2) 1.959(16)‡

*Sick, PRC77, 041302(R) (2008)

†Wang,et al., PRL93, 142501 (2004)

‡Mueller,et al., PRL99, 252501 (2007)

Brodeur,et al., PRL108, 052504 (2012)



TWO-NUCLEON DENSITIES

ρpp(r) =
X

i<j

〈Ψ|δ(r − |ri − rj |)
1 + τi
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M1, E2, F, GT transitions

NO EFFECTIVE CHARGES!

E2 = e
P

k
1

2

ˆ

r2kY2(r̂k)
˜

(1 + τkz)

M1 = µN

P

k[(Lk + gpSk)(1 + τkz)/2

+ gnSk (1 − τkz)/2]

F =
P

kτk± ; GT =
P

kσkτk±

Pervin, Pieper & Wiringa, PRC76, 064319 (2007)

Marcucci, Pervin,et al., PRC78, 065501 (2008)
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7Li(1/2-→3/2-) B(E2)

7Li(1/2-→3/2-) B(M1)

7Li(7/2-→3/2-) B(E2)

7Be(1/2-→3/2-) B(M1)

6He(0+)→6Li(1+) B(GT)

7Be(3/2-)→7Li(3/2-) B(GT)

7Be(3/2-)→7Li(1/2-) B(GT)

7Be(3/2-) Branching ratio



MAGNETIC MOMENTS W/ χEFT EXCHANGE CURRENTS

Hybrid calculations using AV18+IL7 wave functions andχEFT exchange currents developed in:

Pastore, Schiavilla, & Goity, PRC78, 064002 (2008) ; Pastore,et al., PRC80, 034004 (2009)
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M1 TRANSITIONS W/ χEFT

• dominant contribution is from OPE

• five LECs at N3LO

• dV
2 anddV

1 are fixed assuming∆ reso-

nance saturation

• dS and cS are fit to experimentalµd

andµS(3H/3He)

• cV is fit to experimentalµV (3H/3He)

• Λ = 600 MeV

Pastore, Pieper, Schiavilla & Wiringa (in preparation)
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THE CHALLENGE OF A=10 NUCLEI
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• 10Be & 10B are the lightest nuclei

with multiple stable excited states

• At mid-shell there are two linearly in-

dependent1D[442] symmetry states

in 10Be and two sets of3D[442]

states in10B differentiated by +/-

quadrupole moments

• Early GFMC calcs in 10Be with

AV18 and AV18+UIX get degenerate

energies for the two2+ states

• Later GFMC calcs with AV18+IL2

and AV18+IL7 get the negative

quadrupole state lower

• How can experiment tell us which

state is which?



PRECISEEXPERIMENTAL TESTS OF THEELECTROMAGNETIC RATES

New measurements of the lifetimes of the two10Be2+ states were made using the Doppler shift

attenuation method following the7Li(7Li,α)10Be reaction. TheB(E2 ↓) = 9.2(3)e2fm4 for the

Jπ = 2+
1 state and 0.11(2)e2fm4 for theJπ = 2+

2 state.

A subsequent measurement of the lifetime of the2+
1 state in10C following thep(10B,n)10C

reaction, gotB(E2 ↓) = 8.8(3)e2fm4.
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GFMC calculations using AV18 without or with IL2 or IL7 all get the2+
1 transition in10Be

about right, but give widely varying predictions in10C. The latter appears much more sensitive

to precise mixing of different symmetry state contributions, and thus to details ofVijk.

McCutchan, Lister, Wiringa, Pieper, et al., PRL103, 192501 (2009) ; PRC86, 014312 (2012)



TWO-NUCLEON HALO DENSITIES

ρnn(r) =
X

i<j

〈Ψ(Jπ, T, Tz = +1)|δ(r − |ri − rj |)τ+
i τ

+
j |Ψ(Jπ, T, Tz = −1)〉
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APPLICATIONS TOL IGHT-ION REACTIONS

The availability of radioactive-ion beams has renewed

interest in reactions like(d,p) in inverse kinematics

We have helped analyze a number of RIB experiments

such asd(8Li,p)9Li (ATLAS) & d(9Li,t)8Li (TRIUMF)

• PTOLEMY DWBA calculations for transfer

• (d,p) vertex from AV18

• (d,t), (8Li,9Li) , etc. vertices computed

asA-body overlaps using VMC

〈ΨV (A-1)|a|ΨV (A)〉
• Norm is spectroscopic factor

• Absolute prediction fordσ/dΩ

• Good predictions ofn-knockoutfrom
10Be and10C (NSCL)

Macfarlane & Pieper,PTOLEMY, ANL-76-11, Rev. 1 (1978)
Wuosmaaet al., PRL94, 082502 (2005) + ...
Kanungoet al., PLB 660, 26 (2008)
Grinyeret al., PRL106, 162502 (2011) + ...
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ONE-NUCLEON OVERLAPS INVMC/GFMC

For antisymmetric and translationally invariant parentΨA(α) and daughterΨA−1(γ) wave

functions, withα ≡ [Jπ
A, TA, TzA

], γ ≡ [Jπ
A−1, TA−1, TzA−1

], and single-nucleon quantum

numbersν ≡ [l, s, j, t, tz], the translationally invariant overlap function is:

R(α, γ, ν; r) =
√
A

fi

ˆ

ΨA−1(γ) ⊗ Y(ν)(r̂′)
˜

JA,TA

˛

˛

˛

˛

δ(r − r′)

r2

˛

˛

˛

˛

ΨA(α)

fl

whereY(ν)(r̂′) = [Yl(r̂
′) ⊗ χs]j χt and|ΨA−1(γ)|2 = 1, |ΨA(α)|2 = 1.

The corresponding spectroscopic factor is the norm of the overlap:

S(α, γ, ν) =

Z

|R(α, γ, ν; r)|2r2dr

Overlap functionsR satisfy a one-body Schrödinger equation with appropriate source terms.

Asymptotically, atr → ∞, these source terms contain core-valence Coulomb interaction at

most, and hence for parent states below core-valence separation thresholds:

R(α, γ, ν; r)
r→∞−−−→ C(α, γ, ν)

W−η,l+1/2(2kr)

r
,

whereW−η,l+1/2(2kr) is a Whitakker function withk =
√

2µB/~,B is the separation energy,

andC(α, γ, ν) is the asymptotic normalization coefficient orANC.



GFMC evaluation ofR is by extrapolation requiring two mixed estimates minus theVMC result:

R(α, γ, ν; r; τ) ≈ 〈R(α, γ, ν; r; τ)〉MA
+ 〈R(α, γ, ν; r; τ)〉MA−1

− 〈R(α, γ, ν; r)〉V ,

whereMA denotes a mixed estimate where parentΨA(α; τ) has been propagated in GFMC and

MA−1 is a mixed estimate where daughterΨA−1(γ; τ) has been propagated.
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Imaginary time evolution of overlaps in thep3/2 channel of the overlap〈6He + p |7Li〉

Brida, Pieper, & Wiringa, PRC84, 024319 (2011)



ALTERNATE ROUTE TOANCS

The VMC wave functions account fairly well for short-range correlations but may have poor

asymptotic behavior, particularly in p-shell.

FittingC = rR(r)/W (2kr) is generally difficult because long-range shapes can be wrong, and

Monte Carlo sampling of the tails is difficult.

An alternative to explicit computation of the overlap function is an integral over the wave

function interior:

Clj =
2µ

k~2w
A

Z M−η,l+ 1

2

(2krcc)

rcc
Ψ†

A−1χ
†Y †

lm(r̂cc) (Urel − VC) ΨAdR

M−η,l+ 1

2

(2kr) is the “other” Whittaker function, irregular atr → ∞. HereUrel is

Urel =
X

i<A

viA +
X

i<j<A

VijA

and at large separation of the last nucleon,Urel → VC , so(Urel − VC) → 0.

This makes the integrand terminate at∼ 7 fm for many p-shell nuclei.



ANC: 8Li →7 Li + n

Here is a case where fitting to VMC samples is impossible, but the integral method using the

laboratory separation energy works beautifully:

ANC (fm−1) VMC: AV18+UIX binding VMC: Lab binding Experiment

C2
p 1/2 0.029(2) 0.048(3) 0.048(6)

C2
p 3/2 0.237(9) 0.382(14) 0.384(38)



RESULTS FOR ONE-NUCLEON REMOVAL 3 ≤ A ≤ 9

to

2.13

(full range to 2.0)

• Small error bars are VMC statistics

• Large ones are “experimental”

• Sensitivity to wave function con-

struction seems weak but hard to

quantify

• A ≤ 4 clearly dominated by system-

atics, also old

• With a few exceptions, these are the

first ab initio ANCs inA > 4

• S17(0)=[38.7(eV b fm)]|C(2+,8B)|2
= 20.8 eV b = Solar fusion II recom-

mended value

• Similar integral relation can give

good estimate of excited state widths

Nollett and Wiringa, PRC83, 041001(R) (2011)

Nollett, arXiv:1206.0046



GFMC FOR SCATTERING STATES

GFMC treats nuclei as particle-stable system – should be good for energies of narrow resonances

Need better treatment for locations and widths of wide states and for capture reactions

METHOD

• Pick a logarithmic derivative,χ, at some large boundary radius (RB ≈ 9 fm)
• GFMC propagation, using method of images to preserveχ atR, findsE(RB, χ)

• Phase shift,δ(E), is function ofRB , χ,E
• Repeat for a number ofχ until δ(E) is mapped out
• needE accurate to∼ 1/3%

Example for5He(1
2

−
)

• “Bound-state” boundary
condition does not
give stable energy;
Decaying to n+4He
threshold

• Scattering boundary
condition produces
stable energy.
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5He AS n+4He SCATTERING

Black curves: Hale phase shifts fromR-matrix analysis up toJ = 9

2
of data

AV18 with noVijk underbinds5He(3/2−) & overbinds5He(1/2−)
AV18+UIX improves5He(1/2−) but still too small spin-orbit splitting
AV18+IL2 reproduces locations and widths of bothP -wave resonances
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CONCLUSIONS

We have demonstrated that realistic nuclear Hamiltonians and accurate QMC calculations can reproduce

many properties of light nuclei:

• Argonnevij + Illinois Vijk gives rms binding-energy errors< 0.6 MeV for A = 3–12
• Successfully predict/reproduce densities, radii, moments, & transition matrix elements
• Can obtain energies and widths of low-energy nucleon-nucleus scattering states

There are many more exciting challenges in the structure andreactions ofA ≤ 12 nuclei, which we want to

tackle in the next few years, such as:

• 12C excited states and transitions;ν-12C scattering
• Single- & double-intruder states in9,10,11Be,10,11B; 11Li
• More electroweak transitions inA ≤ 12

• Charge-independence breaking in8Be isospin-mixing,10C(β+)10B
• Parity-violatingn-α scattering:〈5He( 1

2

−
)|HP V |5He( 1

2

+
)〉

• Cluster-cluster overlaps, SFs, ANCs, for〈(A-2)d|A〉, 〈(A-4)α|A〉

• Astrophysical reactions such as3He(α,γ)7Be

For larger nucleiA > 12 some possibilities are:

• exascale computing for16O (∼ 1000× more expensive than12C)
• cluster GFMC (cluster VMC for16O done in 1990s)
• AFDMC (auxiliary field diffusion Monte Carlo) or hybrid GFMC-AFDMC

Gandolfi, Pederiva, Fantoni, & Schmidt (’79), PRL99, 022507 (2007)
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