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Overview

1. Coupled-cluster theory

2. Benchmark calculations
[Hagen, Dean, Hjorth-Jensen, TP, Schwenk, arxiv:0707.1516 � Phys. Rev. C]

3. Correct scaling with system size – size (extensivity) matters
[Dean, Hagen, Hjorth-Jensen, TP, Schwenk, arxiv:0709.0449]

4. Three-nucleon forces   
[Hagen, TP, Dean, Schwenk, Nogga, Wloch, Piecuch, Phys. Rev. C 76 (2007) 034302]

5. Weakly bound and unstable nuclei – ab initio calculation of life times
[Hagen, Dean, Hjorth-Jensen, TP, nucl-th/0610072 � Phys. Lett. B]



Coupled-cluster theory (CCSD)

Ansatz:

Correlations are exponentiated 1p-1h and 2p-2h excitations. Part of np-nh
excitations included!

Coupled cluster equations

� Scales gently (polynomial) with 
increasing problem size n o2u4 .

� Truncation is the only 
approximation.

� Size extensive

Alternative view: CCSD generates 
similarity transformed Hamiltonian with 
no 1p-1h and no 2p-2h excitations.



Coupled-cluster theory meets benchmarks for 3H and 4He

Interaction: Vlow-k with � =1.9 fm-1 from Argonne V18

Exact results: Faddeev and Faddeev-Yakubowsky calculations  

3H

4He

Main result: benchmarks are met.



Convergence and hw-dependence for 4He

Perturbative and non-iterative triples 
correction diverge at small hw. Self-
consistent corrections perform better.



16O with Vlow-k

Interaction: Vlow-k with � =1.9 fm-1 from 
Argonne V18 (no three-body forces)

Model space: about 1000 single-
particle orbitals

Main result: accuracy estimate about 1%



Coupled-cluster results for 40Ca with Vlow-k

Accuracy estimate: 1% level. 



40Ca in particle-hole truncated no-core shell model

[Roth and Navratil, Phys. Rev. Lett. 99 (2007) 092501]

Convergence with respect to particle-hole truncation?



Which result is more accurate?

Size extensiveTruncation not size consistent

CCSD + triples correction at large 
model space

3p3h truncation level; 4p4h 
excitations only in small model space

Similarity transform with 2p-2h 
clusters

Model space restricted to np-nh
excitations

Coupled-cluster approachTruncated NCSM

1. The case has no merit. (Neither approach agrees with the experimental 
value.)

2. Both approaches rest on approximations. Let’s understand their quality!

-461.8-137.8NCSM 
(4p4h/3p3h)

-502.9-148.2CCSD(T)

40Ca16O



Particle-hole truncation

Truncated No-Core Shell Model : Diagonalization of Hamiltonian matrix in 
Hilbert space of 0p-0h, 1p-1h, … 3p-3h excited states





Quality of particle-hole truncation

56Ni with FPD6

[Caurier et al, Nucl. Phys. A654 (1999) 747c]

[Bartlett and Musial, Rev. Mod. Phys. 79 (2007) 291]3p-3h truncation usually not very accurate

4p4h: 90% of Ecorr

[Horoi et al, Phys. Rev. Lett. 98, 112501 (2007)]



Size Extensivity



Size extensivity – consistent scaling with size

The binding energy of a nucleus is an extensive quantity: 

Goldstone’s linked cluster theorem (1955): Formal diagrammatic proof of 
Brueckner’s conjecture that perturbation theory is size consistent. Only 
linked diagrams contribute to the energy of a (closed shell) nucleus.

� Unlinked diagrams do not scale with mass number A, and the sum of all 
unlinked diagrams is zero.

Theories that maintain a consistent scaling with size (“size-extensive”):

��� � Many-body perturbation theory

��� � “Exact” methods like matrix diagonalization within a full model space

��� � Coupled-cluster theory (CCSD, CCSDT, …)

Theoretical approaches that are not size extensive:

��� � Diagonalization in a space of np-nh exitations (n < A). (CISD, CISDT…)



Size (extensivity) matters!

Only size extensive theories produce a result and an error that scale as A.

[Duch and Diercksen, J. Chem. Phys. 101 (1994) 3018]



Three-nucleon forces: Why?
• Nucleons are not point particles (i.e. not elementary).
• We neglected some internal degrees of freedom (e.g. � -resonance, 

“polarization effects”, …), and unconstrained high-momentum modes.

Example from celestial mechanics:
Earth-Moon system: point masses 
and modified two-body interaction

Other tidal effects cannot be  included 
in the two-body interaction! Three-body 
force unavoidable for point masses.

Renormalization group transformation: 
Removal of “stiff” degrees of freedom 
at expense of additional forces.



Implications:

A theorem for three-body Hamiltonians
Polyzou and Glöckle, Few Body Systems 9, 97 (1990)

Different two-body Hamiltonians can be made to fit two-body and three-body data by 
including a 3NF into one of the Hamiltonians.



Chiral potential up to order N3LO

Feynman diagrams

R. Machleidt and D. R. Entem, J. Phys. G 31 
(2005) S1235 

Phase shifts reproduced to � 2/datum=1

About 24+ parameters

D. R. Entem and R. Machleidt, Phys.Rev. 
C68 (2003) 041001



Interaction: Vlow-k from Av18 + chiral 3NF

As cutoff �� is varied, motion 
along Tjon line.

Addition of � -dependent three-
nucleon force yields agreement 
with experiment.

Three-nucleon force perturbative
at cutoff � =1.9 fm-1 for these 
nuclei. 
A. Nogga, S. K. Bogner, and A. Schwenk,      
Phys. Rev. C 70 (2004) 061002.



Coupled-cluster theory with three-nucleon forces 
for 4He

Two-body force: Vlow-k with � =1.9 fm-1 from Argonne V18

Three-body force: Chiral EFT at order N2LO (isospin ½ only)  

Main result: Exact result 
closely matched!



Important (technical) detail: normal-ordered Hamiltonian

The Hamiltonian is normal-ordered w.r.t. the vacuum state |� >. 

Similarly, the Hamiltonian of the 3NF becomes 

Vacuum energy and density-dependent one-body terms

Density-dependent two-body terms

Residual three-body terms

Note: 1. The form of the Hamiltonian is different for each nucleus under consideration.

2. Normal-ordering necessary for evaluation of similarity-transformed Hamiltonian.

3. “Density-dependend” terms are coherent sums over two- and three-body matrix elements.



Contributions to the binding energy of 4He

Residual 3NF can be neglected!

Main results: 

•Residual 3NF can be 
neglected. 

•Enormous reduction of 
computational effort

•“Two-body machinery” can 
be applied



Monopole shifts from 3NF as density-dependent 
NN force  (Shown below: Spectrum in 22Na).

A. Zuker, PRL90, 42502 (2003).

Form factor for 16O within CC: AV18 + UIX

Mihaila and Heisenberg, PRL 84 (2000) 1403.

Déjà vu …
H. Kümmel, K. H. Lührmann, J. G. Zabolitzky, 
Phys. Rep. 36, 1 (1978) 

From the abstract:
“For nuclei two body forces as usual do not yield 
results in  agreement with experiments. The 
introduction of exchange currents into the elastic 
electron form factor and three body forces greatly 
improves the situation.”

P. Navratil and E. Ormand,
Phys.Rev. Lett. 88, 152502 (2002)

From the conclusion:
“…utilize the interesting feature
that the three-body effective interaction appears to act 
primarily as a density-dependent two-body interaction.”



Improved CCSD(T) results for 4He: perturbative 3p-3h clusters

Center-of-mass expectation: 20 keV



Comparison with exact diagonalization

All fine, except 6He (large T corrections); <J2>=0.6
CCSDT yields <J2> =0.04

Helium isotopes: 
weakly bound and unbound quantum systems

Aim: Ab-initio description of weakly bound systems and computation of life times of 
particle-unstable 5,7He.

Basis set: Single-particle basis of bound, resonance and scattering states: Gamow shell 
model � complex symmetric Hamiltonian

Two new aspects:

1. Particle-unstable nuclei �

2. Open-shell nuclei (� )

N. Michel et al, PRC 67, 054311 (2003)



Coupled-cluster theory for weakly bound nuclei: 
He-isotopes

Interaction: Vlow-k with � =1.9 fm-1 from chiral N3LO potential (no three-body forces)

Main result: Converged ab-initio calculation of dec ay widths for unbound nuclei!



Summary

NN only: 

• Converged results for 3H, 4He, and 16O.
• Almost converged results for 40Ca (1% error estimate)
• Approaches that are not size extensive problematic if size matters!
• Description of weakly bound He isotopes with Gamow states 

3NFs:

• Developed CCSD for 3NF.
• Found that 0-, 1-, and 2-body parts of 3NF are dominant (in 4He).
• � Residual 3-body part of 3NF can be neglected. 



Outlook

1. Densities and response to external potentials for comparison with DFT 
� UNEDF

2. Revisit helium isotopes, study neutron-rich oxygen isotopes with 3NF

3. Spherical CC approach: Ca, Ni isotopes, “bare” interactions, 
comparison with AFMC 
� CCSD on a laptop


