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Overview

� Recent progress in perturbative results for thermodynamic pressure of QCD

� � = 0: Kajantie, Laine, Rummukainen & Schröder, PRD67 (2003) 105008

� Resummation within Dim.Red.: Blaizot, Iancu & AR, PRD68 (2003) 025011

� � . T : ) Vuorinen, PRD68 (2003) 054017

� Testing perturbative results for QCD @ T; � > 0 against solvable large-Nf limit

� Ipp & AR, JHEP 06 (2003) 032

� Ipp, AR & Vuorinen, PRD69 (2004), in print

� New perturbative handle on QCD for large � , small T � g� :

Non-Fermi-liquid behavior

� Anomalous behavior of speci�c heat (T ln T) of normal quark matter

Ipp, Gerhold & AR, PRD69 (2004) 011901
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Perturbati ve resultsfor the QCD pressure @ � = 0, T > Tc

P = 8� 2
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Arnold & Zhai 1995

Zhai & Kastening 1995

Braaten & Nieto 1996

No apparent convergence; steadily increasing renormalization scale (�� ) dependence:
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Lattice data:

Boyd et al. (BI) 1996

Okamoto et al. (CP-PACS) 1999
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Dimensionalreduction

Braaten & Nieto 1996:

P = Phard + Psoft , Phard = T4(c1 + c2g2 + c3g4 + c4g6 + : : :)

with Psoft from effective three-dimensional theory

L E =
1
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tr F 2
ij + tr [D i ; A0]2 + m2

E tr A2
0 +

1
2

� E ( tr A2
0)2 + : : : ;

g2
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12� 2 g4T + : : : ;
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Kajantie, Laine,

Rummukainen !
& Schröder (2003)

Di Renzo, Mantovi,

Miccio & Schröder

hep-lat/0404003
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Impr oving apparent convergencein dimensionalreduction

Expanding P = Phard + Psoft in powers (and log's) of g
! perturbative series with bad convergence

Not expanding m2
E (g), g2

E (g), . . . ! apparent convergence for T & 3Tc
J.-P. Blaizot, E. Iancu, AR, PRD68 (2003) 025011:
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Impr oving apparent convergencein dimensionalreduction

Even more dramatic when including g6[log(g) + � ] contributions
with as yet undetermined �
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Impr oving apparent convergencein dimensionalreduction

Works also at �nite chemical potential � . T:
! Vuorinen, PRD68 (2003) 054017; Ipp, AR & Vuorinen, PRD69 (2004), in print
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� P = P(T; � ) � P(T; 0) for Nf = 2, unexpanded 3-loop results with �� MS varied by

a factor of 4 and two FAC schemes (dashed)

vs. lattice data from Allton et al, PRD68 (2003) 014507 (not yet continuum extrapolated!)
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Lar geNf limit of QCD and QED

G. D. Moore, JHEP 10 (2002) 055: Nf ! 1 , Nc � 1, g2Nf � 1
as testing ground for weak-coupling techniques at high T

Much simpler than large-Nc:

+ + + ....  =

order N 1
f :

order N 0
f :

dressed gluon propagator contains typical gauge-theory phenomena such as

� Debye screening for electrostatic modes

� unscreened magnetostatic modes

� complicated dispersion laws, Landau damping, plasmon damping

and can be solved exactly (nonperturbative in g2Nf )
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Lar geNf limit of QCD and QED

Effective coupling constant g2
e� =

8
>><

>>:

g2Nf

2
; QCD ;

g2Nf ; QED :

One-loop beta function exact:
1

g2
e� (� )

=
1

g2
e� (� 0)

+
ln(� 0=� )

6� 2
:

No asymptotic freedom — instead: Landau singularity at exponentially large

� L = �� MSe5=6e6� 2=g2
e� ( �� MS ) :

Theory only exists as cutoff-theory with � Cuto� < � L

But thermodynamic potential insensitive to cutoff as long as T; � � � L

Technicality: cutoff needs to be imposed in Euclidean invariant manner, otherwise
spurious singularities
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Thermodynamic potential of large-Nf QCD and QED

P = N Nf
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SB
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Pressure of large-Nf QCD and QED @ � = 0

G. D. Moore, JHEP 10 (2002) 055, E: hep-ph/0209190, A. Ipp. G. D. Moore, AR, JHEP 01 (2003) 037

-

-

Comparison with
strict perturbation theory
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Pressure of large-Nf QCD and QED @ � = 0

Numerical result suf�ciently accurate to verify exisiting perturbative result to order
g5

e� and to extract g6
e� term (no log here!)

P
�
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= +20(2)Ng
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Lar ge-Nf pressureat �nite chemicalpotential �

Straightforward generalization to �nite chemical potential by evaluating � T;L with

nf (k; T; � ) = 1
2

�
1

e( k � � ) =T +1 + 1
e( k + � ) =T +1

�
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Lar ge-Nf quark-number susceptibility at � = 0

� =
@N
@�

�
�
�
� =0

=
@2P
@� 2

�
�
�
� =0

Perturbative result known to order g5
e� (Vuorinen, PRD67 (2003))

Numerically: � jg6
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= � 4:55(9)NgT2
� ge�
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� 6
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Higher-order quark-number susceptibility at � = 0
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Ipp & AR v1: Fitted order g4
e� coef�cient C4 = � 7:02(3)

Vuorinen II, PRD68: C4 = � 1
12 � 12ln 2 + 7

6� (3) = � 6:9986997796998: : :

Ipp & AR, JHEP0306: g6
e� contribution � 39(1)g6

e� =(128� 8) for �� = � T
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Pressure at nonzero � fr om suscept's (Taylor expansion)

Fodor, Katz & Szabó, PLB568 (2003) 73:

Lattice data for
P (T;� )� P (T;� =0)

P0(T;� )� P0(T;� =0) virtually independent of �
Consider

� P(� ) = P(T; � ) � P(T; 0) � 1
2� j� =0 (� 2 + � 4=(2� 2T2))

and re�nement
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Pressure at nonzero � fr om suscept's (Taylor expansion)
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Pressure at nonzero � fr om suscept's (Taylor expansion)
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Actual large-Nf pressure at large�
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Pressure at zero temperature

Freedman-McLerran 1977 result (! MS in Blaizot, Iancu & AR, PRD63 (2001)):

P � P0
Ng � 4

�
�
�
T =0

= � g2
e�

32� 4 �
h
ln g2

e�
2� 2 � 2

3 ln �� MS
� � ~C4

i
g4
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128� 6 + O(g6

e� ln ge� )

~C4 � 0:536Vuorinen� ! 0:5358316747: : :

Numerically: P � P0
Ng � 4

�
�
�
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g2
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Comparisonwith completedimensionalreduction resultsfor all �; T
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Ipp, AR & Vuorinen, PRD69 (2004), in print

Comparison for two Fastest Apparent

Convergence scales (for m2
E and g2

E ,

resp.)

Breakdown of Dim.Red. for

' � arctan(� T=� ) . 18� ,

i.e. T . 0:1�

Work in progress:

Kajantie, Ipp, AR, Vuorinen

IR-safe part of Dim.Red. together with

numerical evaluation of resummed ring

diagrams should cover also T . 0:1�
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Non-Fermi-Liquid Behavior at small T 6= 0

LO (2-loop) term in interaction pressure gives

P � P0 = � Ng
� 5

9T4 + 2
� 2 � 2T2 + 1

� 4 � 4
� g2

e�
32 + : : :

Entropy S =
� @P

@T

�
� at small T should start as

S � S0 = � Ng
g2

e�
8� 2 � 2T + : : : naively: [nb + 1

2] ! 1
2 at small T

BUT:
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Non-Fermi-Liquid Behavior at small T 6= 0

LO (2-loop) term in interaction pressure gives

P � P0 = � Ng
� 5

9T4 + 2
� 2 � 2T2 + 1

� 4 � 4
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e�
32 + : : :

Entropy S =
� @P

@T

�
� at small T should start as

S � S0 = � Ng
g2

e�
8� 2 � 2T + : : : naively: [nb + 1
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Nonanalyticity of low-T expansion

PT;nb

Ng
= �

Z
d3q

(2� )3

Z 1

0

dq0

�
2nb Im ln D � 1

T , nb = 1=[exp(q0=T) � 1]

nb restricts to q0 . T, but derivatives w.r.t. T are singular because of only weakly
screened low-frequency transverse gauge bosons (dynamical screening):

q0 ! 0 : Im ln D � 1
T ' arctan

�
g2

e�
16� (4� 2+ q2) q0

q � (2� � q)

q2

R2�
0 dqq2 arctan �q 0(4� 2+ q2)

q3 ' 4� 2

3 � q0

�
ln 2�

�q 0
+ 5

2

�
+ O(q5=3

0 )

ST;nb

Ng
=

g2
e� � 2T
36� 2

| {z }

�
ln

32� �
g2

e� T
+ 1 + 
 E �

6
� 2 � 0(2)

�
+ O(T5=3)

T ln T discovered in QED by Holstein, Norton & Pincus, PR B8 (1973) “Anomalous speci�c heat”
Correct coef�cient of the log: Chakravarty, Norton & O. F. Sylju 	asen, PRL 74, 1423 (1995)

(disputed by Boyanovsky & de Vega, PRD63 (2001) — their error will be discussed in Gerhold, Ipp & AR, in prep.)

Analogous calculation:

SL;n b

Ng
=

g2
e� � 2T
24� 2

�
2 ln

ge�

2�|{z}
mD
2�

+1
�

+ O(g4
e� ) + O(T3)
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Low-temperatureexpansionof anomalousspeci�c heat

A. Ipp, A. Gerhold & AR, PRD69 (2004) 011901R

S � S0

Ng
=

g2
e� � 2T
36� 2

�
ln

4ge� �
� 2T

� 2 + 
 E �
6
� 2 � 0(2)

�

�
8 22=3�( 8

3)� ( 8
3)

9
p

3� 11=3
(ge� � )4=3T5=3 +

80 21=3�( 10
3 )� ( 10

3 )

27
p

3� 13=3
(ge� � )2=3T7=3

+
2048� 256� 2 � 36� 4 + 3� 6

540� 2 T3 ln T � 1 + O(T3)
| {z }

"

N � 1
f contributions, too

Fractional powers in T because dynamical screening scale � = [� mD! =4]1=3

(Weldon 1982)

Systematic expansion for T=� � g1+ �
e� with � > 0:

S � S0

Ng� 3 � g3+ �
e� ln

c
ge�

+ g3+(5 =3)�
e� + g3+(7 =3)�

e� + g3+3 �
e� ln

c
ge�

+ g3+(11 =3)�
e� + : : :
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Low-temperatureexpansionof anomalousspeci�c heat

Testing convergence in large-Nf case:
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From Lattices To Stars:

Speci�c heat at constant volume and number density Cv = T
�

@S
@T

�
�

+ O(T3)
relevant for cooling of (proto-)neutron stars with normal quark matter component?
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naive LO perturbation theory

� s � � QE D

Ng = 8 � 1

(Nf = 2)
� s = 0:65: : : 2:15
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