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Phase diagram of QCD
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QCD at strong coupling

e relevant for:

confinement

chiral symmetry breaking
confinement-deconfinement phase transition
matter at realistic densities

hot QCD dynamics of soft excitations

e lattice simulations

ideal for
- time independent observables
- finite temperature

problematic for
- dynamics, non-equilibrium
- high baryonic density

e renormalisation group methods

analytic approach
complementary to lattice
Exact Renormalisation Group: very flexible



Exact Renormalisation Group
e goal: calculation of quantum effective action I'[¢]

e successive integrating-out of momentum modes via
Sl¢] — Sl¢] + ASk[¢] , with

AS,[¢] = / $(a) R(q)d(—q)

leads to scale-dependent effective action I';, with
momentum modes g? > k? integrated out.

e infinitesimal integration = flow equation:
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Initial condition: classical action T'rx_Ao = S
endpoint: quantum effective action I'p_,o =T

flow is infrared finite and ultraviolet finite
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e infrared cutoff R
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Example: scalar fields at criticality
e real scalar field theory Ising universality class

e scaling behaviour
flow equation for effective potential w in 3d.:
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i i q P>
scaling variables y = 20 P = 5p u(p) =

e critical exponent v
deduced from Wilson-Fisher fixed point 9;u’ = 0
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N=1 ~(R) e optimisation for 1/.
. e global extrema exist
| Vopt = mgn V(R).
e optimisation entails PMS
O8] ot = 0.649562 - - - e physical value (N=1)
. Vphys ~ 0.63.

R



Gauge symmetry

gauge symmetry = link between Greens functions
Ward identity:

p OT
64,

— quantum corrections

flow equation:

momentum cutoff quadratic in the fields ~ [ A Ry A is,
a priori, incompatible with non-linear gauge symmetry.
modified Ward identity:

oT
u £ = quantum corrections 4 cutoff terms
0A,
cutofl terms ~ (D, ASL)Y #0
0A,

gauge invariance of physical Greens functions:
required in the infrared limit at £ = 0.
not mandatory at k # 0.



Confinement in Landau gauge QCD

Kugo-Ojima confinement criterion

gluonic mass gap and absence of Higgs mechanism
< momentum behaviour of two-point functions:

9k 2 K
Iy (p) = p’'72), T (p) = p*(Hre)
confinement:. k& > 0

Schwinger-Dyson equation

Infrared coefficients kc > 0, oy
Inclusion of quarks
problems: RG scaling and renormalisation

stochastic quantisation

Infrared coefficients kc > 0, oy
resolution of Gribov problem
problems: RG scaling and renormalisation

lattice

infrared behaviour of gluon propagator
problem: finite size scaling

flow equations

heavy quark potential
effective quark interactions
problems: access to infrared regime



Flows in Landau gauge QCD

e infrared analysis

consider Greens functions for the regime
< p? < Adyep

— deep infrared region
— physics already integrated-in
— trivial cutoff dependence

e fixed point behaviour

Greens functions in the deep infrared regime

Fi(rcn) (ps < Aqcp) = zn ) (ps> Pi/kz)

— zn, IS k-independent up to RG scalings
— k-dependence of I'("™ only via the ratio p?/k?



Technical detalls

e fruncation

general ghost and gluon two-point functions
vertices T'®, T'® from Slavnov-Taylor identities

parametrisation (x = p?/k?)
T2y(p) = za - 24 (1+ 0Za(@)) - p* - TL(p)

To6(p) = 20+ 2%¢ (1 4 6Zc(w)) - P’
T, (p) = zn - S

e RG scaling implies

g° 1
RA — _ZK"C sy Og =— 2
AT ZAZ
e Integrated flow
k
dk’
2 2 2
analyse Fi(rc )(P) - F(() )(P) = /?at’rge’)
0
trade scale- for momentum integration dk—’i' = —‘21—21

= deduce infrared parameters



e fixed point equation

Infrared analysis of QCD

evaluate the integrated flow in the deep infrared regime:

57 (x) = %N/

dx’
wl2—i—m

f(x'sx,k,02)

0Z(x — oo) — 0 physical regime
0Z(x — 0) — —1 4 ... cutoff regime
= deduce kK, as and § Z from the limit x — 0.

zeroth order:

Infrared coefficients
ke = 0.59535 o, = 2.9717

unique, identical to Dyson-Schwinger result
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full iteration:

global extrema exist

Kopt = extrr kK(R)

maximum located at the
non-iterated result



Infrared analysis (cont’'d)

e solution for 6 Z

zeroth order:
solution is R independent

full iteration:
optimal propagators near non-iterated solution

r(x) = m Y
X(1 + X)
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Conclusions and outlook

e infrared regime of QCD

fixed point behaviour

analytical access

Infrared coefficients k- and o,
support for Kugo-Ojima scenario

full vertex functions, fermions

e finite temperature

deconfinement phase transition
thermal pressure

e finite density

Inclusion of quarks, chemical potential



