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QCD phase diagram

e real systems at finite baryon and isospin
density = away from planes up = 0 and

pr =20

e |attice gauge theory: up #* 0 sign problem
[C.R. Allton et al., Phys. Rev. D 66 (2002) 074507, Z.
Fodor, S. Katz, Phys. Lett. B534 (2002) 87, JHEP 0203
(2002) 014]

e chiral perturbation theory [J.B. Kogut et al., Nuc.
Phys.B582 (2000) 477; D.T. Son, M.A. Stephanov, Phys.
Rev. Lett. 86 (2001) 592; K. Splittorff et al., Phys. Reuv.
D64 (2001) 016003]

e phenomenological models [J. Berges, K. Rajagopal,
Nucl. Phys. B538 (1999) 215]

e random matrix models: schematic models,
respect global symmetries, topology of phase
diagram [A.D. Jackson, J.J.M. Verbaarschot, Phys. Rev.
D 53 (1996) 7223; M.A. Stephanov, Phys. Rev. Lett. 76
(1996) 4472; M.A. Halasz et al., Phys. Rev. D 58 (1998)
096007]



Two applications of RMT to QCD

> eigenvalues of the QCD Dirac operator

D, = =iy,
e exact theory of spectral correlations below A¢
finite volume V, = L*: mesoscopic range

1 1
—>L > —
mar N

spectrum from random matrix theory
up to a scale

F2
Ae K @WLQ
goal. spectral density of low-lying
eigenvalues ( — Kim)
> universal
° model for the
chiral phase transition at finite 7', u
goal: phase structure as determined
by symmetries
> non-universal




Random matrix partition function

QCD partition function
— RMT partition function

e replace
Dirac operator by random matrix
e replace
gauge action by probability distribution

Ny m T
ZQCD = DA exp[—SYM] fgl det ( _]{T m )
J
Ny m %%
ZRMT = DWP(W) fl;[ldet ( _MJ;T m )

W: nxn, P(W)=exp[—nG2Trw W]
e respects symmetries
e no dynamics, static regime: m%r > L



What can RMT contribute to our knowledge
of the QCD phase diagram?
e ingredients for the model:
symmetries of QCD
e schematic model for the phase diagram:
chiral phase transition at finite 7', u

To what extent is the phase diagram
determined by the symmetries?

How can RMT describe phase transitions?

° for chiral symmetry breaking
connected to of

QCD Dirac operator:
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() =2 = lim_ Iim
m—0Vs—o0o Vy

[T. Banks, A. Casher, Nucl. Phys. B169, 103 (1980)]
p(0) — O: non-universal



QCD with two colors (N, = 2)

e confinement

e baryonic states: color-neutral diquarks
e NO sign problem for ugp #0

e Similar phase diagram as for N, = 3

e enlarged chiral flavor symmetry
(over N. = 3) spontaneously broken:

SU(2N ;) — Sp(2/N /)

e 22V, (2N, — 1) — 1 Goldstone bosons:
baryonic diquark states (up) and
pion states (p;) of mass

e pion condensation at finite u;
° state condensation at finite up
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Symmetries of the QCD partition function
for No. = 2

Ny
Zocp = [] det@+ 1 + ppy0))
f=1
p= ’Y,U(a,u + ’iA,u)
e chiral symmetry

1,75} =0

— ) symmetry of the spectrum
e chiral flavor symmetry (1, = 0)
SURN;) — Sp(2/NV))

e antiunitary symmetry
[i]),CoK] =0, (CmhK)2=1

e fermion determinant factorizes:
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Random Matrix Model for N, = 2

ZRMT( ) 7:“17:“27T) —

/ DW exp(—gGQTrWTW) X

W+ w(T) + py

e real temperature dependence

w(T) = ( —OT g)

has eigenvalues +:71’

e pion condensate source term

Apys (i75)

° source term

it (o) — T (imo)ab*



Effective model for N, = 2
exact mapping onto effective partition func-
tion:

7eff — / DAexp(—L(A, AM))

Lagrangian A C2V 2N AT = A
£ =nG>TrATA - JTriog Q4+ Q-

0. — AT+ M +iT 4+ pupB + (13
+iT + ppB + (13 A+ MT

B = diag(1,1,—-1,—-1), I3 =diag(1,—-1,-1,1)

0 —1 A

o 0 -
M= _ A 0O —i
o 7 O

(ansatz for A from M)
Isospin and baryon chemical potential

1 1
pr = 5(#1 — o), BB = 5(“1 + o)
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Chiral Lagrangian for N, = 2
> expansion around saddle point solution

at up=puy=m =20
A= oz, Six=1, ¥T =%
e power counting

2
LB, L] ™~ €, ~ ~ €

e expansion to O(e?), ¢, = (1), k= 1,2
L(X) =
~nG2| o Tr(E (ur I3 + pnpB)E (113 + upB))
—|—c15Tr(ZTMT + > M)
e chiral Lagrangian

Lstat(X) =
F2
| T s + uBYE a3 + 1 B)
+7Tr(zh\”fr + S
[K. Splittorff, D.T. Son, and M.A. Stephanov, Phys. Rev. D 64
(2001) 016003]

> equivalent to zero momentum part of chPT
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[Chiral Lagrangian for N, = 2]

e Mminimized by

> = Cosa + sin a(cosn + sinn>,)
in condensation phases (a #= 0):

n=0 for u% > u?
n=r5 for ,u%>,u%

a=20 for uy<-— and up <5

cosa = = for > e and ul > 2
4#»% KT > Ky = 1B
cosa = = for My d u2 2
= —> pp > —- an Ly < pp
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Effective potential: Ansatz

> large-n-limit: evaluate effective partition
function in saddle point approximation

> treat as a Landau-Ginzburg model!

> determine phase diagram (mean field result)

e flavor dependent chemical potentials break
flavor symmetry: 1 # o

e expect independent behavior of chiral con-
densates: (uu) # (dd)

e expect pion condensation above
critical isospin chemical potential

e expect condensation above
critical baryon chemical potential

> ansatz
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Order parameters

e Cchiral condensates

<

)

e pion condensate

1

5(@7561) — (dysu))

1
—8>\ l0g Zeﬂ:
4n

1.
ZZ(<

) —

—0
2n

—0
2n

G2p

e diquark condensate

l0g

l0g

Zeff

Zeff

A=0
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Order parameters 2:

>Why can we use RMT for condensates
other than ()7

chiral condensate

1 1
( >V4:74<Z T >, ev. of

k
( W—|‘MB>
—WT+ up
(00) = lim__lim mp(0)

m—0Vs—o0o Vjy

pion condensate

k
( A 0 — W — s )
0 A Wi —p; =
W+ pg A 0
\ W+ 0 A

[D. Toublan, J.J.M. Verbaarschot, arXiv:hep-th/0208021]
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Chiral phase transition

e assume absence of pion (p =0) and
(/A = 0)condensates

e cffective potential: flavors separate

1
L = Y G?
n f=1,2
1
—5109((7 ) +11)2 = u7 + T2)? + 4uFT?)
> depends only on M?
> symmetry between pup and ug

p1=—p2 —ur7#0, up=0
pr=p2 —p; =0, pup7#0
> chiral transition in up- T—plane and u;-T-—
plane identical
e tricritical point in the chiral limit G =0

} equivalent

ppG =3/vV2-1 ~0.3218
735G =3\vV2+1 ~0.7769
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Chiral Phase transition

Phase diagram in the uf—T—plane

for p = 0 and =0

e symmetry uy <= up

e identical to us-T—plane and ug-T—plane
e G = 0: tricritical point

TG
1 e, G=0 -
G =0
0.5 } -
G # 0
O ] ]
0 0.5
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> what about the up-T-plane
at nonzero u; and nonzero ?
e |two | transition lines for p =0

uBcg)(T) = pe(T) — pr
pplP(T) = pe(T) + pr
random matrix model, G =0.1 |
el wG=0 | G G =01
05 i 05 ¢} \ \
0 4 0 L
0 05 ;G 0 05 upG
Nambu—Jona-Lasinio model, = 10MeV
[J. B. Kogut, D. Toublan, Phys. Lett. B564, 212 (2003)]
T (MeV) pr =20 T (MeV pnr = 30 MeV

200 F - - . . 200f sz s ..,
150 S 150
100 T 100

L (@), (da) ' N
\ \(M

pp (MeV) pp (MeV)
e NJL [M. Frank, M. Buballa, M. Oertel,

Phys. Lett. B562, 221 (2003)]
) Iadder-QCD [A. Barducci, R. Casalbuoni, G. Pettini,
L. Ravagli, Phys. Lett. B564, 217 (2003); arXiv:hep-ph/0402104]
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Phase diagram in the uy-7T-plane

for different values of G

> Problem: Can we see the chiral transition

in the presence of pion/
LA DL DL DL DL |
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In RM model: Not for yuy =0 or

condensates?
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Phase diagram for N. = 2 in the ug-u-plane
in the chiral limit G =0
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Phase diagram for N. = 2 in the ug-u-plane
for mG =0.1

| | | | v |
r mG = 0.1
/ \
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1~ ' 4 ~ -
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Phase diagram for N, = 2 in the pu1-po-plane

at G = 0.1, TG nonzero
2 2 T T T
TG =05 |
1 1l s o1 -~ -
/ \
V4 p A N
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\ ,
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Phase diagram for N. = 2 in the ug-T-plane

for fixed u;G, at G = 0.1,
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> make the quark mass larger (as you can do
on the lattice)!

Phase diagram for N. = 2 in the upg-u-plane
for mG = 0.2
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Phase diagram for N. = 2 in the ug-T-plane
for ;G = 0.30, at G = 0.2,
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Conclusions

agreement between RMT models for
N, = 2 and chiral Lagrangians
at 7'= 0 for small p; and upg

rich phase diagram beyond universal region

symmetry pu; < ug (for p =0 and A = 0)

= Tc(u)‘ = Tc(u)‘
pr=0 pp=0

two flavor-dependent chiral condensates

(v #£ (dd) for pq # po

two chiral first order transitions
in up-T-plane for appropriate pu; =0

two critical second order endpoints

no tricritical point in the pion and
condensation transition
— Nnot explained by symmetries

relevant for lattice simulations: regions
exist for which critical point should be
accessiblel

26



condensates

RMT results: Pion and
G=0.1,7TG=0

for finite puy at up = 0,

— |
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Lattice results: Pion condensate
[J.B. Kogut, D.K. Sinclair, Phys. Rev. D66 (2002)
034505]

SU(3) N;=2 B=5.2 m=0.025 8" lattice

1.25
I ® s |
1.00 |- s
A I ]
> 0.75 g
[TO n -
IS I ]
T 050 =
0.25 - O —— X = 0.005 e _
< X —— XA = 0.0025 *
0.00 =l b b L
0.0 0.5 1.0 1.5 2.0

M1
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Lattice results: Chiral condensate
[J.B. Kogut, D.K. Sinclair, Phys. Rev. D66 (2002)
034505]

SU(3) N;=2 B=5.2 m=0.025 8" lattice

1.25
X —— A=0.0025
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M1
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