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1. Introduction
e QCD describes the strong interaction:

1. The prediction on high energy hadron interaction is coreit.
2. The low energy hadron dynamics is in good agreementy&B of QCD.

e QCD should tell us how matter behaves at extreme envirorsnent

heavy ion collision, early universe, compact stars

e QCD predicts phase transitionsg, o ~ Aqep
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Confirmed partially by Lattice QCD at zero density:

3 flavour
2+1 flavour
2 flavour
pure gauge

Figure 1: Karsch et. al

e [Lattice QCD at finite density has a notoriosign problem

Z(p) = / dAdet (M) e 5(A)

whereM = ~% D% + pyy, # P71MTP.




e Recent progress by reweighting : Fodor and Katz, nucl-thil0Z1.

Z(a) = /dqﬁ det (M, o) e =5 () — /d(b det(M, ag)e™3(#20) W (4, a)
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e However, the complexness is due to fast modeg(u): DKH+Hsu, PRD 02, 03.

e The sign problem is mild or absent for physics near the Feunfase (v < ).




2. High Density Effective Theory

e Fermi surface phenomena are determined by modes near F.S.

o At 1> Aqep, (AP — p) Y+ = Exs.
e AtenergyF < 2u, the states near F.§p( ~ pr) are easily excited.




¢ Introduce patches that cover FS only once.

J

Ferm Surface

e Pick a quark near F. S. and decompose the quark momentum as

Pu = By + 1y, ’l,u‘ <A, AL (K p).

e In the leading order il /u expansion, the energy is independent

ll;

> 421, = 4np2.
A

patches




Some degrees of freedom in QCD are irrelevant in cold QM;
1+ a-vp
2

The relevant modes are soft gluons and quasi-quarks nekr3he

1+a&-Ur _uip.s
2
since at low energyr < u the Fermi velocity does not change.

P ()

¢+<?7F,ZU) —

The quark Lagrangian becomds3, = (1 + a - vr)/2,

L5 ¢ (iD+p°) U =) P(@p,x)(Py + P-) (uV+1) (P + P-)¢(0p, z)

= IE+Z'J)||¢+ + 1 (2uy° + D) )v— + [Y—iD 114 4 h.c]

Propagators:




e By integrating out)_ and hard gluons, we obtain the high density effective theory

® Tree level matching: We eliminate the irrelevant modes byvEO

L iny? iy 24N .
o (Fr2) = g S P () =~ (—ﬂ) Py (T, )

i Py (T, 2)p—i Py (Tp,y) = %51 ﬁ‘éé _ %%f

Figure 2: tree-level matching

e New marginal operators for Cooper pairs at one-loop magchin

Figure 3: One-loop matching




e HDET has a systematic expansionlify, anda:
_ n . Cl - 0 2
LHDET = blw_i‘zfyu D,uw—}- - ﬂ¢+7 (@J_) ¢+ + o

bl — 1+O(C¥S>, cl1 = 1+O(O{S>’

e Power counting in HDET:

(D_ : &>m-¢iw (é)nerA:ﬂ/Q.

M H Iz

e To be consistent with the power counting, we impose in lodggration

/ d?1, It =0 for n>0.
Ay




3. More on Matching

e Current conservatiorin the effective theory, the currents are given in terms ofigas
and holeslut with no antiparticlesas

- 1
JH = Z ¢<77F755)’Yﬁbw(?7F737) - ﬂw*(ﬁp,x) A iDL (R, ) + - -

e The HDET current is not conserved unless one adds a counmey te

2
ol A= :/e_ip'(x_y)l_[””(p)
0A,(x)0AL(y) p

z’M25 /ngF (—2ﬁ-ﬁFWVV>
9 b 41 p-V +iep - Up

(J#(2)J" (y))

1% (p) —

which is not transversalp,, 11" (p) # 0.




e For the current conservation, we need to &ddBye mass terrdue toy .

IT* (p) = TIMY (p) = I* — Z g’ M?, p,II* = 0.

@ — \MQ/W—I—\/\/\/\.’\/\/\/
g, & W,

Figure 4. Matching two-point functions




e Axial anomaly in dense QCD is independeniofDKH+Hur+Son+Park, to appear)

62

<8N‘]g> - S?FMQFMQ + Aaﬁ(ﬂ)AaAﬁa AP = 0. (8)

e Axial anomaly due to modes near F.S. is given as

Z/ ik +ika-y <8,ujg(r[jF7O)Ja(ﬁp,ﬂf)JB(ﬁFay)> = ASf??
vp Y

ez 1 /- o\ ¢ iy e? 2
1] “
.§</€1Xk2),ACH——2236

W (k1okg — kigk20)




4. Color superconductivity in dense QCD

® At u > Aqcp, matter becomes quark matter due to asymptotic freedom.

e Cooper instability of Fermi surface

Figure 5:0ne gluon exchange interaction and Fermi Sea

— Color exchange interaction is attractive foor 8.

(@i (P)0;(=P)) #0 or  (Pi(=p)¥;(P)) # O

— For N. = 3, BCS is preferred to Overhauser:
Shuster, Son '99, Park, Rho, Wirzba, Zahed, '99.




® 2CS phase at an intermediate densityo < m?):

(W@ (—p)) = = (Vhi (B (—))

€ap€ A

e Color-Flavor Locking (CFL) at:Ag > m?:

(W@, (—p)) = = (Vhi (B0 (—))

= k1686 + k26967,

® LOFF whenu.(= du) > Ag

(Ve F)YhFa)) = PP A, Pu+Ba =27



e At the intermediate density gluons are screened:

L3ep 3 —WWWb + -
BCS gap equation is given as

d*k A
(2m)* k2 4 (k- 0p)2 + A2

_ 0Vecs(A)
OA

A
G

e Pole structurguarantees solution.

ko_i\/

The BCS gap

7T2
Ao = 2[1 exp <_2Gﬂ2> :

IS estimated to b&0 ~ 100 MeV at the intermediate density.




® The Cooper-pair gap equation for up and strange quark ummebsiss

Figure 6. Fermi sea of up and strange quarks.
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1Al K(p — 1)
A= [ - = ,
L1 tieo = T 5y o] [(+ielo +1 % —dpn] — A2

wheresu® = p — panddu® = p — /p? + M2. (p is the pairing momentum and
2

K is kernel.)Gap is biggestibu* = —oéu® orp = pu — ]Zj :

e Pole structure changes and gap closes ff,“6p® > A% /4 or A < M2?/(2u).




5. Higher Order Corrections

e At high density magnetic gluons are not screened.long-range pairing
force leads to th&liashberggap equation :

v -V

Alpo) = = / ﬁ(qfl ()

A =dp/m - (u/M)5e3/%5. (€ is a gauge parameter.)
Son '98, DKH '99,DKH, Miransky, Shovkovy, Wijewardhana '99
Schafer, Wilczek '99, Pisarski, Rischke '99

e Cooper pair gap at high density is




e The gap equation in dense QCD takes a following form;

2lg) [(1 +1n)ln (L> +1In b+§} (15)
[P0 — qo]

e \We use

T a(p) [(po + mw)7° + bp) #] — al®") [(po + W’ + ") #] T*
= (p—p)u(p, )T +T%p,p"; —p —p'). (16)

where

I (p,p'; k)5(k +p+p') = / el Rt pty ) (gh e () () (y)) . (17)

Z7aj’y

e The one-loop vertex correction has two parts;




(a) (b)
Figure 7: The solid line denotes quarks and the curly linasmg.

e While second part negligible, (Fig. 7a) is related to tha@ttion to the wavefunction
renormalization constant as

(p — A" = a(p) [(po + WA° + b(p) 7] — alp’) [(ph + w)7° +b(p") 7] .

e The nonlocal gauge, wherép) = 1 = b(p), is found to be

21 (2p)>
37 MgA+mM?|psa—qal/2 1
In _(2u)? '
|lpa—qal?




6. Positivity of HDET and Vafa-Witten Theorem

Simple example in (1+1) dimensions

e Euclidean (1+1) action of non-relativistic fermions irgeting with a gauge field A

S = / drdz ¥ [(—0r +id + ep) — €(—i0s + A)] Ve (19)

2
wheree(p) is the energy as a function of momentu(y) ~ 2~ + - - -.

e Dispersion relation with chemical potentiak (p) = €(p) — er. Low energy modes
have momentum neatpr (e(+pr) = €p).

e Near the Fermi points, the energy as a function of momentum,

E(p:l:pp) N T vpp, vF :8E/ap‘pF




Action (19) not obviously positiveOperator in brackets - - - | has complex eigenval-

ues.

Assumegauge field hasmall amplitudeand isslowly varying relative to scalepr.
Extract theslowly varying componenof the fermion— low energy effective theory

involving quasiparticles and gauge fields witbsitive semi-definite determinant.

Extractquasiparticle modesg;, r:
(@, 1) = hrePFT 4 qppe” PFT (21)
Usinge="Pr® F(—id, + A) eTPFT oh(2) ~ 4+ vp(—id, + A)p(x), to obtain
Se = / dr dz [} (=07 +id + 10, — A)Yr,
+  Yr(=0r +idp — 10z + A)YR]. (22)

Introducing the Euclidean (1+1) gamma matriggs > andyr, r = %(1 + v2) we
obtain a positive action:

Sefr :/de:c Yy (0, + ALY = /de:I: /) (23)




e Since(d,, +1iA,) is anti-Hermitian, the operatdpin (23) has purely imaginary eigen-
values. Sincey2 anticommutes with), the eigenvalues come in conjugate pairs: give
D¢ = Ao, we have

D(v2¢) = —v2Dp = —v2Ad = —A(72¢n)
Hence the determinardiet [p = [[ A* A is real and positive semi-definite.

Since the gamma matrices are Hermitian, and the opg@ieriA,, ) is anti-Hermitian,
the operatoi) in (23) has purely imaginary eigenvalues. Singeanticommutes with
), the eigenvalues come in conjugate pairs: given = \¢, we have

D (v20) = =720 = =122 = —A(v20n)

Hence the determinandiet [p = [] A* A is real and positive semi-definite.

By consideringonly the low-energy modesear the=ermi points we obtain an effective
theory with desirabl@ositivity properties.

Note: interactions (background gauge fiélimust not strongly couple the low-energ
modes to fast modes which are far from the Fermi points — resle approximation in

many situations: interactions amoqgasiparticle®f primary interest.




e RECIPE:NearFermi surfacemodes havéow energyand areslowly varying Coupling
these modes to slowly varying background fiéldeads to a positive effective theory.

e Slowly varying= relative toFermi momentunp z.
e QCD: strong coupling dynamics at scalesAqcp. By taking
w ~ pr >> AqQcp

we ensure that quark quasiparticles couple onlgltoavly varying, small amplitude
background fieldg\.




Degenerate free NR fermions

® Consider an electron system, described by

L =yT[i0 — e(P)) ¢ + upTep,

® The system sufferstgn problem”, since the Euclidean determinant has complex eigef-
values,

M = —0; — €(p) + . (25)

® For modes near the Fermi surface, however, the sign probémmnbes mild: The de-
terminant becomes, if we integrate the fast modes,

Mgpr = —8; — O -1, Mgpr(Tr)Mgpr(—7F) <0, (26)

if e(p) = e(—p).

25



Positivity of QCD at asymptotic density

® The quasiparticles are described by

p (D1)?

o Y1 (Up, ) +

Loy =iy - DYy (Op,z) — bl

® The leading term has a positive determinant:

Mgy = 7’|j|E -D(A) = 75MTft75

® Anomaly

The divergence of the quark current at one loop is

4
(O™ (Gr)) = g5 [ e I AR (-p) £0. (29)

e However, if we include) (v, x) andy 4 (—vr, x) the current is conserved:

(0 (Fr, @) + O JE(~p, 2)) = 0. (30)




e Under a gauge transformatioliz) = €77, the energy level shifts

EIfﬁFHE : _"_}-

L

Figure 8: Spectral Flow




Vafa-Witten Theorem at High Density: CFL is exact.

e Cooper theorem says pairing at color anti-triplet chaniget.three light flavors,

<¢Lfa(’5F,x)¢L?@(—i7F,x)> = — <¢R?Q¢R?@> = €;;¢"" eapy K (pF)

e By the global color and flavor symmetri() = 6/ K.
e The vacuum energy in the HDL approximation is given as

V(A) = —TrInS '4+Trin @+ Tr (S '— @)S + (2PI diagrams)

,u d2l|| ﬁ 1 AQ(ZH)
Z/ 27r)2[ <+A2()>+2 2+ A2(1)) o




Figure 9: The 2PI vacuum energy diagram.

e The gluon energy is subleading, (A) ~ M2A2 In(A/p) ~ gsp? AZ,

V(A) ~ —0. 43— Z |A;(0)]?




e SinceA®’ = e, p3,€%PCA,5],

2
Lt
V(A) ~ 4343@ Ay |? fz,y),

whereA; /A, = zandA; /A, =y. f(z,y) < 13.4hasamaximumat = 1 = y.
e K. = Kd) andSU(3)y is unbroken

A=A, (1,1,1,-1,1,-1,1, -1, —2).




CFL is exact at asymptotic density:
Vector current correlators fall off exponentially, if aligrks are gapped.

A
<Jf(17F,w>Jf(17F,y)> = —Trvy, 7484 (z,y; Ay TESA (y, z; A),
with J;?(’JF,ZC) = ?,E_F(’JF,ZC)’)/MTA@D_F(?TF,ZC).

The (anomalous) propagator witU (3)y, -invariant IR regulato\ is given as

1 > —2T(—1
(@l 37 l0) = [ artalem TR0 )

where withD = 0 4+ 1A

DV A
M=%l"A p.v)

Since the eigenvalues aff are bound from below byA, we have

—AR

(a7 )| < [ a7 VTRV = S v T Gl




The current correlators fall off rapidly & = |z — y| — oo;

A
‘ [ das det Meg()e= 5o (JA (@, 2) 72 @, w))

A+ 6—2AR

< [, |re@are)™ | < [ Vv

The (IR regulated) vector currents do not create a masslest® mut of vacuum or
Fermi sea.

No Goldstone mode along th&J(3) channel!
For three light flavorsSU (3)y has to be unbroken as in CFL.

Whenm # 0, one has to take the — oo andm, — 0 limit carefully. If ms goes to

zero too slowly, Kaon condenses to break isospin.




Operator formalism

We introduce an operator formalism for lattice
—1 0
V2 0%’

U =

The quasi-quarks near F.S. are defined as

P = exp (fipr-va-v)Py

Now, the Lagrangian becomes withh = px - v - v

L=l (0" +iAl) vy, (A4 =7 X AP HiX)

Usingv - dv -~y =0 -, we get

HOl _ o gt
’VHa = "0




e Integrating out the fast modes ( and hard gluons), the slow modeg
have a positive measure in the leading order with an effectotion

1
Soqr(A) ~ / Ao | 1 FfFl, + WZA >0, (36)

whered, = A — A and the Debye massi¥ = /N;/(21%)gsp .

e QCD partition function now becomes

7 = / dAdepdape S (A) — / dA, det (Myg) e Jeu(A+) (37)

det Mog >0, Ser(As) = positive - [1 + O(1/p)].




7. Lattice Simulation

Back to theoriginal (not HDET) QCD partition function:
Z(w) = /dAM det (M) e 5(An)

M is the Dirac operator at finite densitf, the usual gauge field.

It is easy to show that ak = 0 (zero background gauge field), the Dirac determinantjs
real even at finite density.

Now, considesmall amplitude, slowly varyinbackground gauge field§ whose mag-
nitude and derivative§ A are small relative tu. (e.9.4 >> Agcp ~ A, 0A,
orF,.,,D,.)

Expand about th€S. Integrate outieavymodes éntiquarks quarksfar from theFS).
These modes contribute &t (M), but their contribution is suppressed byu. Find

det (M) = [real, positive] (1 + O(%))

35



How to enforce small amplitude, slowly varying gauge fiéld

Use two lattices with different spacingget, agause. Compute determinant on lattice
with spacingage; ~ 1! << dgauge.

Determinant is a function of plaquett¢3J,, } which are obtained by interpolation
from the plaquettes on the coarsey, . ;. lattice.

Interpolation: link variabled,, € SU(3). Connect any two pointg;, g2 on the
group manifold:

git) =g1 +t(g2—g1),0<t<1




e Use leadingeal, positivepart of determinant formportance sampling

e Nontrivial check on analytic results at asymptotic dendiytrapolate to intermediate
density?




8. Conclusion

e \We have constructed an effective theory (HDET) for dense QCD
1. It deals with relevant modes only ancki$ectively (1+1) dim’nal.

2. Marginal Cooper-pair operator, Screening massnaturally arise
at one-loop.

3. Systematic expansion i andas.

4. It has a consistent power counting rule.
e With this effective theory, we calculate the propertiesarfous phases
In dense QCD: Cooper-pair gap, Critical temperature andigen.
1. At high density, the superconducting gap takes at twp-loo
274 1.5 M <_ 32

2 exp
g2 V205

2. Critical phenomena &t = 0.57Aq or o ~ 0.22GeV.




e Quark matter under stress.

1. Crystalline superconductor if\o/v/2 < (pq — pu)/2 < 0.74A

2. Kaon condensation ifn, > m!/3A%/%.
e The HDET has a positive measure.

1. Therefore, lattice QCD is positive at asymptotic densitttice
simulation should be possible for dense QCD

2. Vafa-Witten theorem appliesvector symmetries excef (1)

are unbroken in QCD at asymptotic densiBFL is exact!

e The lattice simulation is possible with HDET or two-lattiQ€D.




