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1. Introduction
• QCD describes the strong interaction:

1. The prediction on high energy hadron interaction is confirmed.

2. The low energy hadron dynamics is in good agreement withχSB of QCD.

• QCD should tell us how matter behaves at extreme environments:

heavy ion collision, early universe, compact stars

• QCD predicts phase transitions;TC , µC ∼ ΛQCD
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Confirmed partially by Lattice QCD at zero density:
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Figure 1: Karsch et. al

• Lattice QCD at finite density has a notorioussign problem

Z(µ) =

∫

dA det (M) e−S(A)

whereM = γµ
EDµ

E + µγ4
E 6= P−1M†P .
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• Recent progress by reweighting : Fodor and Katz, nucl-th/0201071.

Z(α) =

∫

dφ det (M, α) e−S(φ,α) =

∫

dφ det(M, α0)e−S(φ,α0) W (φ, α)

• However, the complexness is due to fast modes (ω & µ): DKH+Hsu, PRD 02, 03.

• The sign problem is mild or absent for physics near the Fermi surface (ω . µ).
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2. High Density Effective Theory

DKH PLB 473 (2000) 118; NPB 582 (2000) 451

• Fermi surface phenomena are determined by modes near F.S.

• At µ ≫ ΛQCD, (~α · ~p − µ) ψ± = E±ψ±.

• At energyE ≪ 2µ, the states near F.S. (|~p| ∼ pF ) are easily excited.
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• Introduce patches that cover FS only once.

2Λ

2Λ
Fermi Surface

• Pick a quark near F. S. and decompose the quark momentum as

pµ = µvµ + lµ, |lµ| < Λ , Λ⊥ (≪ µ).

• In the leading order in1/µ expansion, the energy is independent of
~l⊥;

∑

patches

∫

Λ⊥

d2l⊥ = 4πp2
F .
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• Some degrees of freedom in QCD are irrelevant in cold QM;

Ψ(x) =
∑

~vF

e−iµ~x·~vF [ψ+(~vF , x) + ψ−(~vF , x)] ,
1 ± ~α · ~vF

2
ψ = ψ± (1)

• The relevant modes are soft gluons and quasi-quarks near theF.S.

ψ+(~vF , x) =
1 + ~α · ~vF

2
e−iµ~vF ·~xψ(x)

since at low energyE < µ the Fermi velocity does not change.

• The quark Lagrangian becomes,P± = (1 ± ~α · ~vF )/2,

L ∋ ψ̄
(

i6 D + µγ0
)

Ψ =
∑

~vF

ψ̄(~vF , x) (P+ + P−) (µ6 V +6 l) (P+ + P−) ψ(~vF , x)

= ψ̄+i6 D‖ψ+ + ψ̄−(2µγ0 + i6 D‖)ψ− +
[

ψ̄−i6 D⊥ψ+ + h.c.
]

• Propagators:

S+
F = P+

i

6 l‖
S−

F = P−
iγ0

2µ

[

1 −
iγ0 6 l‖
2µ

+ · · ·
]

(2)
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• By integrating outψ− and hard gluons, we obtain the high density effective theory.

• Tree level matching: We eliminate the irrelevant modes by EOM:

ψ−(~vF , x) = − iγ0

2µ + i 6D‖

D/⊥ψ+(~vF , x) = − iγ0

2µ

∞
∑

n=0

(

−
i 6D‖

2µ

)n

D/⊥ψ+(~vF , x)

ψ̄+i 6D⊥ψ−(~vF , x)ψ̄−i 6D⊥ψ+(~vF , y) =

Figure 2: tree-level matching

• New marginal operators for Cooper pairs at one-loop matching :

Figure 3: One-loop matching
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• HDET has a systematic expansion in1/µ andαs:

LHDET = b1ψ̄+iγµ
q

Dµψ+ − c1

2µ
ψ̄+γ0(D/⊥)2ψ+ + · · · , (3)

b1 = 1 + O(αs), c1 = 1 + O(αs), · · ·

• Power counting in HDET:
(

Dq

µ

)n

·
(

D⊥

µ

)m

· ψl
+ ∼

(

Λ

µ

)n+m

Λ3l/2. (4)

• To be consistent with the power counting, we impose in loop integration
∫

Λ⊥

d2l⊥ ln⊥ = 0 for n > 0. (5)
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3. More on Matching
• Current conservation:In the effective theory, the currents are given in terms of particles

and holes (but with no antiparticles) as

Jµ =
∑

~vF

ψ̄(~vF , x)γµ
‖

ψ(~vF , x) − 1

2µ
ψ†(~vF , x)

[

γµ
⊥, i 6D⊥

]

ψ(~vF , x) + · · ·

• The HDET current is not conserved unless one adds a counter term,

〈Jµ(x)Jν(y)〉 =
δ2Γeff

δAµ(x)δAν(y)
=

∫

p
e−ip·(x−y)Πµν(p)

Πµν
ab (p) = − iM2

2
δab

∫

dΩ~vF

4π

(−2~p · ~vF V µV ν

p · V + iǫ~p · ~vF

)

which is not transversal,pµΠµν
ab (p) 6= 0.
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• For the current conservation, we need to addDeBye mass termdue toψ−.

Γeff 7→ Γ̃eff = Γeff −
∫

x

M2

2

∑

~vF

AµAνgµν
⊥ . (6)

Πµν(p) 7→ Π̃µν(p) = Πµν − i

2

∑

~vF

gµν
⊥ M2, pµΠ̃µν = 0. (7)

ψ ψ
+ −, ψ

+

Figure 4: Matching two-point functions
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• Axial anomaly in dense QCD is independent ofµ (DKH+Hur+Son+Park, to appear)

〈

∂µJµ
5

〉

=
e2

8π2
F̃µαF µα + ∆αβ(µ)AαAβ , ∆αβ = 0. (8)

• Axial anomaly due to modes near F.S. is given as

∑

~vF

∫

x,y
eik1·x+ik2·y

〈

∂µJµ
5 (~vF , 0)Jα(~vF , x)Jβ(~vF , y)

〉

= ∆αβ
eff ,

∆0i
eff (k1, k2) = − e2

2π2
· 1

3

(

~k1 × ~k2

)i
, ∆ij

eff =
e2

2π2

2

3
ǫijl (k10k2l − k1lk20)

+

+ +

+

−
+

+
+

+

+

−

−
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4. Color superconductivity in dense QCD

• At µ > ΛQCD, matter becomes quark matter due to asymptotic freedom.

• Cooper instability of Fermi surface

-p

p

Figure 5:One gluon exchange interaction and Fermi Sea

– Color exchange interaction is attractive for3̄ or 8.

〈ψi(~p)ψj(−~p)〉 6= 0 or
〈

ψ̄i(−~p)ψj(~p)
〉

6= 0

– ForNc = 3, BCS is preferred to Overhauser:

Shuster, Son ’99, Park, Rho, Wirzba, Zahed, ’99.
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• 2CS phase at an intermediate density (µ∆0 < m2
s):

〈

ψa
Li(~p)ψb

Lj(−~p)
〉

= −
〈

ψa
Ri(~p)ψb

Rj(−~p)
〉

= ǫabǫ
ij3∆

• Color-Flavor Locking (CFL) atµ∆0 > m2
s:

〈

ψa
Li(~p)ψb

Lj(−~p)
〉

= −
〈

ψa
Ri(~p)ψb

Rj(−~p)
〉

= k1δa
i δb

j + k2δa
j δb

i ,

Alford, Rajagopal, Wilczek ‘98

• LOFF whenµe(= δµ) > ∆0

〈

ψa
u(~pu)ψb

d(~pd)
〉

= ǫab3∆(~q), ~pu + ~pd = 2~q

Larkin+Ovchinnikov ’64, Fulde+Ferrel ’64; Alford+Bowers+Rajagopal ’01
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• At the intermediate density gluons are screened:

Leff
QCD ∋ G

2
ψ̄ψψ̄ψ + · · · , (9)

BCS gap equation is given as

0 =
∂VBCS(∆)

∂∆
=

∆

G
− 4

∫

d4k

(2π)4
∆

k2
0 + (~k · ~vF )2 + ∆2

• Pole structureguarantees solution.

k0 = ±
√

(~k · ~vF )2 + ∆2 ∓ iǫ (10)

The BCS gap

∆0 = 2µ̄ exp

(

− π2

2Gµ̄2

)

. (11)

is estimated to be10 ∼ 100 MeV at the intermediate density.

16



• The Cooper-pair gap equation for up and strange quark under stress
p

F

F

sp

pu

Figure 6: Fermi sea of up and strange quarks.

∆(p)=

∫

l

i∆(l) K(p − l)
[

(1 +iǫ)l0 −~l · ~vu +δµu
] [

(1 +iǫ)l0 +~l · ~vs −δµu
]

−∆2
, (12)

whereδµu = µ − p̄ andδµs = µ −
√

p̄2 + M2
s . (p̄ is the pairing momentum and

K is kernel.)Gap is biggest ifδµu = −δµs or p̄ = µ − M2
s

4µ
.

• Pole structure changes and gap closes if−δµuδµs > ∆2/4 or ∆ < M2
s /(2µ).
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5. Higher Order Corrections
• At high density magnetic gluons are not screened.The long-range pairing

force leads to theEliashberggap equation :

v

v -v

-v-vv -v v

∆(p0) =
g2

s

36π2

∫ µ

−µ
dq0

∆(q0)
√

q2
0 + ∆2

ln

(

Λ̄

|p0 − q0|

)

. (13)

Λ̄ = 4µ/π · (µ/M)5e3/2ξ. (ξ is a gauge parameter.)
Son ’98, DKH ’99,DKH, Miransky, Shovkovy, Wijewardhana ’99

Scḧafer, Wilczek ’99, Pisarski, Rischke ’99

• Cooper pair gap at high density is

∆0 =
27π4

N
5/2
f

e3ξ/2+1 · µ

g5
s

exp

(

− 3π2

√
2gs

)

. (14)
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• The gap equation in dense QCD takes a following form;

∆(p0) =
g2

s

c2

∫

dq0
∆(q0)

√

q2
0 + ∆2

[

(1 + η) ln

(

µ

|p0 − q0|

)

+ ln b + ζ

]

.(15)

• We use

T a a(p)
[

(p0 + µ)γ0 + b(p) 6~p
]

− a(p′)
[

(p′0 + µ)γ0 + b(p′) 6~p′
]

T a

= (p − p′)µΛµ(p, p′)T a + Γa(p, p′;−p − p′). (16)

where

Γa(p, p′; k)δ(k + p + p′) =

∫

z,x,y
ei(z·k+x·p+y·p′)

〈

∂µja
µ(z)ψ(x)ψ̄(y)

〉

. (17)

• The one-loop vertex correction has two parts;
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(a) (b)

Figure 7: The solid line denotes quarks and the curly lines gluons.

• While second part negligible, (Fig. 7a) is related to the correction to the wavefunction
renormalization constant as

(p − p′)µΛ(a)µ = a(p)
[

(p0 + µ)γ0 + b(p) 6~p
]

− a(p′)
[

(p′0 + µ)γ0 + b(p′) 6~p′
]

.

• The nonlocal gauge, wherea(p) = 1 = b(p), is found to be

ξ ≈
2
3

ln
(2µ)3

M2
0
∆+πM2|p4−q4|/2

ln
(2µ)2

|p4−q4|2

≈ 1

3
. (18)

20



6. Positivity of HDET and Vafa-Witten Theorem

Simple example in (1+1) dimensions

• Euclidean (1+1) action of non-relativistic fermions interacting with a gauge field A

S =

∫

dτdx ψ∗
σ [(−∂τ + iφ + ǫF ) − ǫ(−i∂x + A)] ψσ (19)

whereǫ(p) is the energy as a function of momentum,ǫ(p) ≈ p2

2m
+ · · ·.

• Dispersion relation with chemical potential:E(p) = ǫ(p) − ǫF . Low energy modes

have momentum near±pF (ǫ(±pF ) = ǫF ).

• Near the Fermi points, the energy as a function of momentum,

E(p ± pF ) ≈ ± vF p, vF = ∂E/∂p|pF
(20)
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• Action (19) not obviously positive.Operator in brackets[ · · · ] has complex eigenval-

ues.

• Assumegauge field hassmall amplitudeand isslowly varying relative to scalepF .

Extract theslowly varying componentof the fermion→ low energy effective theory

involving quasiparticles and gauge fields withpositive, semi-definite determinant.

• Extractquasiparticle modesψL,R:

ψ(x, τ) = ψLe+ipF x + ψRe−ipF x , (21)

Usinge±ipF x E(−i∂x + A) e∓ipF x ψ(x) ≈ ± vF (−i∂x + A)ψ(x), to obtain

Seff =

∫

dτ dx [ψ†
L(−∂τ + iφ + i∂x − A)ψL

+ ψ∗
R(−∂τ + iφ − i∂x + A)ψR]. (22)

• Introducing the Euclidean (1+1) gamma matricesγ0,1,2 andψL,R = 1
2
(1±γ2)ψ we

obtain a positive action:

Seff =

∫

dτdx ψ̄γµ(∂µ + iAµ)ψ ≡
∫

dτdx ψ̄D/ψ . (23)
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• Since(∂µ + iAµ) is anti-Hermitian, the operatorD/ in (23) has purely imaginary eigen-
values. Sinceγ2 anticommutes withD/, the eigenvalues come in conjugate pairs: given
D/ φ = λφ, we have

D/ (γ2φ) = −γ2D/ φ = −γ2λφ = −λ(γ2φn) .

Hence the determinantdet D/ =
∏

λ∗λ is real and positive semi-definite.

• Since the gamma matrices are Hermitian, and the operator(∂µ+iAµ) is anti-Hermitian,
the operatorD/ in (23) has purely imaginary eigenvalues. Sinceγ2 anticommutes with
D/, the eigenvalues come in conjugate pairs: givenD/ φ = λφ, we have

D/ (γ2φ) = −γ2D/ φ = −γ2λφ = −λ(γ2φn) .

Hence the determinantdet D/ =
∏

λ∗λ is real and positive semi-definite.

• By consideringonly the low-energy modesnear theFermi points, we obtain an effective
theory with desirablepositivity properties.

• Note: interactions (background gauge fieldA) must not strongly couple the low-energy

modes to fast modes which are far from the Fermi points – reasonable approximation in

many situations: interactions amongquasiparticlesof primary interest.
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• RECIPE:NearFermi surface, modes havelow energyand areslowly varying. Coupling

these modes to slowly varying background fieldA leads to a positive effective theory.

• Slowly varying= relative toFermi momentumpF .

• QCD: strong coupling dynamics at scales∼ ΛQCD. By taking

µ ∼ pF >> ΛQCD

we ensure that quark quasiparticles couple only toslowly varying, small amplitude

background fieldsA.
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Degenerate free NR fermions

• Consider an electron system, described by

L = ψ† [i∂t − ǫ(~p)] ψ + µψ†ψ, (24)

• The system suffer “sign problem”, since the Euclidean determinant has complex eigen-

values,

M = −∂τ − ǫ(~p) + µ. (25)

• For modes near the Fermi surface, however, the sign problem becomes mild: The de-

terminant becomes, if we integrate the fast modes,

MEFT = −∂τ − ~vF ·~l, MEFT(~vF )MEFT(−~vF ) ≤ 0, (26)

if ǫ(~p) = ǫ(−~p).
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Positivity of QCD at asymptotic density

• The quasiparticles are described by

Leff = ψ̄+γ‖ · Dψ+(~vF , x) − ψ†
+

( 6D⊥)2

2µ
ψ+(~vF , x) + · · ·

• The leading term has a positive determinant:

Meft = γE
‖ · D(A) = γ5M†

eftγ5 (27)

• Anomaly
iD‖/ P+ψ = P−iD‖/ ψ . (28)

The divergence of the quark current at one loop is

〈∂µJaµ(~vF , x)〉 = gs

∫

d4p

(2π)4
e−ip·xpµΠab

µν(p)Abν
‖ (−p) 6= 0 . (29)

• However, if we includeψ+(~vF , x) andψ+(−~vF , x) the current is conserved:

〈∂µJµ
a (~vF , x) + ∂µJµ

a (−~vF , x)〉 = 0. (30)
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• Under a gauge transformation,U(x) = ei~q·~x, the energy level shifts

E = ~l · ~vF 7→ E = ~l · ~vF + ~q · ~vF . (31)

q

Figure 8: Spectral Flow
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Vafa-Witten Theorem at High Density: CFL is exact.

• Cooper theorem says pairing at color anti-triplet channel.For three light flavors,
〈

ψL
a
iα(~vF , x)ψL

b
jβ(−~vF , x)

〉

= −
〈

ψR
a
iαψR

b
jβ

〉

= ǫijǫabcǫαβγKγ
c (pF )

• By the global color and flavor symmetry,Kγ
c = δγ

c Kγ .

• The vacuum energy in the HDL approximation is given as

V (∆) = −Tr ln S−1 + Tr ln 6∂ + Tr (S−1− 6∂)S + (2PI diagrams)

=
µ2

4π

9
∑

i=1

∫

d2l‖

(2π)2

[

ln

(

l2
‖

l2
‖

+ ∆2
i (l‖)

)

+
1

2
·

∆2
i (l‖)

l2
‖

+ ∆2
i (l‖)

]

+ h.o.
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Figure 9: The 2PI vacuum energy diagram.

• The gluon energy is subleading,Vg(∆) ∼ M2∆2 ln(∆/µ) ∼ gsµ2∆2,

V (∆) ≃ −0.43
µ2

4π2

∑

i

|∆i(0)|2
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• Since∆αβ
ab = ǫαβγǫabc∆γδγ

c ,

V (∆) ≃ −0.43
µ2

4π2
|∆u|2 f(x, y),

where∆d/∆u = x and∆s/∆u = y. f(x, y) ≤ 13.4 has a maximum atx = 1 = y.

• Kγ
α = Kδγ

α andSU(3)V is unbroken

∆i = ∆u · (1, 1, 1,−1, 1,−1, 1,−1,−2).
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• CFL is exact at asymptotic density:

Vector current correlators fall off exponentially, if all quarks are gapped.

〈

JA
µ (~vF , x)JB

ν (~vF , y)
〉A

= −Tr γµT ASA(x, y;∆)γνT BSA(y, x;∆),

with JA
µ (~vF , x) = ψ̄+(~vF , x)γµT Aψ+(~vF , x).

• The (anomalous) propagator withSU(3)V -invariant IR regulator∆ is given as

〈x| 1

M
|y〉 =

∫ ∞

0
dτ 〈x| e−iτ(−iM) |y〉

where withD = ∂ + iA

M = γ0

(

D · V ∆

∆ D · V̄

)

,

Since the eigenvalues ofM are bound from below by∆, we have
∣

∣

∣

∣

〈x| 1

M
|y〉

∣

∣

∣

∣

≤
∫ ∞

R
dτ e−∆τ

√

〈x|x〉
√

〈y|y〉 =
e−∆R

∆

√

〈x|x〉
√

〈y|y〉.
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• The current correlators fall off rapidly asR ≡ |x − y| → ∞;
∣

∣

∣

∣

∫

dA+ det Meff(A)e−Seff

〈

JA
µ (~vF , x)JB

ν (~vF , y)
〉A+

∣

∣

∣

∣

≤
∫

A+

∣

∣

∣

∣

〈

JA
µ (x)JB

ν (y)
〉A+

∣

∣

∣

∣

≤ e−2∆R

∆2

∫

A+

√

〈x|x〉
√

〈y|y〉

• The (IR regulated) vector currents do not create a massless mode out of vacuum or

Fermi sea.

• No Goldstone mode along theSU(3)V channel!

• For three light flavorsSU(3)V has to be unbroken as in CFL.

• Whenm 6= 0, one has to take theµ → ∞ andmq → 0 limit carefully. If ms goes to

zero too slowly, Kaon condenses to break isospin.
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Operator formalism

• We introduce an operator formalism for lattice

~v =
−i√
−∇2

∂

∂~x
, (32)

• The quasi-quarks near F.S. are defined as

ψ = exp (+iµx · v α · v) ψ+ , (33)

• Now, the Lagrangian becomes withX = µx · v α · v

L+ = ψ̄+γµ
‖

(

∂µ + iAµ
+

)

ψ+ , (Aµ
+ = e−iX Aµ e+iX) (34)

• Usingv · ∂ v · γ = ∂ · γ , we get

γµ
‖

∂µ = γµ∂µ (35)

33



• Integrating out the fast modes (ψ− and hard gluons), the slow modes

have a positive measure in the leading order with an effective action

Seff(A) ≈
∫

d4xE





1

4
F a

µνF a
µν +

M2

16π

∑

~vF

Aa
⊥µAa

⊥µ



 ≥ 0, (36)

whereA⊥ = A − A‖ and the Debye mass isM =
√

Nf/(2π2)gsµ .

• QCD partition function now becomes

Z =

∫

dAdψdψ̄e−S(A,ψ,ψ̄) =

∫

dA+ det (Meff) e−Seff (A+) (37)

det Meff ≥ 0, Seff(A+) = positive · [1 + O(1/µ)].
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7. Lattice Simulation
• Back to theoriginal (not HDET) QCD partition function:

Z(µ) =

∫

dAµ det (M) e−S(Aµ) .

M is the Dirac operator at finite density,A the usual gauge field.

• It is easy to show that atA = 0 (zero background gauge field), the Dirac determinant is

real even at finite density.

• Now, considersmall amplitude, slowly varyingbackground gauge fieldsA whose mag-

nitude and derivatives∂A are small relative toµ. (e.g.µ >> ΛQCD ∼ A , ∂A,

or Fµν ,Dµ.)

• Expand about theFS. Integrate outheavymodes (antiquarks, quarksfar from theFS).

These modes contribute todet (M), but their contribution is suppressed by1/µ. Find

det (M) = [real, positive]

(

1 + O(
F

µ2
)

)
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• How to enforce small amplitude, slowly varying gauge fieldA?

• Use two lattices with different spacingsadet, agauge. Compute determinant on lattice
with spacingadet ∼ µ−1 << agauge.

• Determinant is a function of plaquettes{Uxµ} which are obtained by interpolation
from the plaquettes on the coarseragauge lattice.

• Interpolation: link variablesUxµ ∈ SU(3). Connect any two pointsg1, g2 on the
group manifold:

g(t) = g1 + t(g2 − g1) , 0 ≤ t ≤ 1

-

6
¾

? Uxµ -

6
¾

? Uxµ
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• Use leadingreal, positivepart of determinant forimportance sampling.

• Nontrivial check on analytic results at asymptotic density. Extrapolate to intermediate

density?
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8. Conclusion

• We have constructed an effective theory (HDET) for dense QCD.

1. It deals with relevant modes only and iseffectively (1+1) dim’nal.

2. Marginal Cooper-pair operator, Screening mass,· · · naturally arise
at one-loop.

3. Systematic expansion in1/µ andαs.

4. It has a consistent power counting rule.

• With this effective theory, we calculate the properties of varous phases
in dense QCD: Cooper-pair gap, Critical temperature and density ...

1. At high density, the superconducting gap takes at two-loop

∆0 =
27π4

N
5/2
f

e1.5 · µ

g5
s

exp

(

− 3π2

√
2gs

)

.

2. Critical phenomena atTC = 0.57∆0 or µC ≃ 0.22GeV.
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• Quark matter under stress.

1. Crystalline superconductor if∆0/
√

2 < (µd − µu)/2 < 0.74∆0

2. Kaon condensation ifms > m1/3∆
2/3
0 .

• The HDET has a positive measure.

1. Therefore, lattice QCD is positive at asymptotic density. Lattice

simulation should be possible for dense QCD

2. Vafa-Witten theorem applies:Vector symmetries exceptU(1)B

are unbroken in QCD at asymptotic density:CFL is exact!

• The lattice simulation is possible with HDET or two-latticeQCD.
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